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CH Abstract 

4h In view of classification of the quiver 4d M = 2 supersymmetric gauge theories, we 

discuss the characterization of the quivers with superpotential (Q, W) associated to a M = 2 
QFT which, in some corner of its parameter space, looks like a gauge theory with gauge 
group G. The basic idea is that the Abelian category rep(Q, W) of (finite-dimensional) 
representations of the Jacobian algebra CQ/(dW) should enjoy what we call the Ringel 
property of type G; in particular, rep(Q, W) should contain a universal 'generic' subcategory, 
which depends only on the gauge group G, capturing the universality of the gauge sector. 
More precisely, there is a family of 'light' subcategories Jjf\ C rep(Q, W), indexed by points 
A G N, where A is a projective variety whose irreducible components are copies of P 1 in 

fT) one-to-one correspondence with the simple factors of G. If A is the generic point of the i-th 

irreducible component, ££\ is the universal subcategory corresponding to the i-th simple 

,_i factor of G. Matter, on the contrary, is encoded in the subcategories ££\ a where {A a } is a 

finite set of closed points in N. 

In particular, for a Gaiotto theory there is one such family of subcategories, J^agtv; f° r 
each maximal degeneration of the corresponding surface E, and the index variety iV may be 
identified with the degenerate Gaiotto surface itself: generic light subcategories correspond 
to cylinders, while closed-point subcategories to 'fixtures' (spheres with three punctures of 
various kinds) and higher-order generalizations. The rules for 'gluing' categories are more 
general that the geometric gluing of surfaces, allowing for a few additional exceptional 
M = 2 theories which are not of the Gaiotto class. 

We include several examples and some amusing consequence, as the characterization in 
terms of quiver combinatorics of asymptotically free theories. 
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1 Introduction: the Ringel property 

There is a large and interesting class of 4d H — 2 supersymmetric gauge theories [1,2] whose 
BPS spectrum has a quiver description, i.e. their BPS states may be identified with the 
stable objects of the (C-linear) Abelian category rep(Q, W) of representations of a (finite) 
quiver Q bounded by the Jacobian relations dW = 0; here W is the superpotential of a 
quiver SQM, defined on Q, whose supersymmetric vacua correspond to the 4d BPS states 
(see the recent papers [3-5]; for previous work see [6-20]; for a nice review of the basic 
theory, see [21]). More intrinsically, the BPS states are described by the corresponding 
bounded derived category D b (rep(Q, W)); indeed, for a given Af = 2 model the pair (Q, W) 
is determined only up to derived equivalence or, more concretely, up to quiver mutations 
[22,23] (a.k.a. Seiberg dualities [24] [15]). 

For such a quiver 4d M = 2 theory the computation of the BPS spectrum reduces to a 
standard problem in representation theory, and hence it is rather easy when compared with 
the difficulty of computing the non-perturbative spectrum of other strongly-interacting 
QFTs. 

Given this state of affairs, it is natural to ask for an intrinsic characterization of the 
Abelian categories &/ (or, rather, their derived counterparts D b (^/)) which do correspond 
to physically consistent 4d QFTs. The next step would be to fully classify such categories. 

In this direction, two results are known: 

• The 2d/4d correspondence [25][3]. According to this principle, the classification of 
the quiver four-dimensional M = 2 theories is contained in the classification [26] of the 
two-dimensional (2, 2) theories with 1 c uv < 2. In other words, all 4d quiver theories arise 
from a 2d one. Comparing with ref. [26] one gets, in particular, a necessary condition the 
pair (Q, W) must satisfy. Mathematically, it may be rephrased as follows: the pair (Q, W) 
is the 3-CY completion 2 of an algebra A of global dimension < 2 whose Coxeter element $ 
has spectral radius 1. 

Being just a necessary condition, this criterion is powerful only in the negative, that 
is, to prove that a given quiver Q cannot correspond to any QFT. E.g. by a theorem of 
Ringel [28] the only acyclic quivers with spectral radius 1 are the ordinary and affine ADE 
Dynkin quivers. Thus, all other acyclic quivers cannot correspond to any QFT. The class 
of QFTs associated to ordinary and affine ADE quivers (respectively Argyres-Douglas [29] 
& asymptotically free SU(2) theories [3]) is also characterized as the set of Af = 2 theories 
having a very small BPS chamber in which only the simple representations correspond to 
stable particles [4,5]. 



1 c uv is one-third the Virasoro central charge at the UV fixed point. 

2 With some abuse of language, by the 3-CY completion of an algebra of the form CQ' /I in this paper 
we simply mean the pair (Q, W) of quiver with superpotential constructed in §. 6.9 of ref. [27]; see ref. [27] 
for the full story. 



• The classification of complete theories [3]. The classification of the J\f = 2 4d 
theories corresponding to the 2d ones with c uv < 1 is equivalent to the classification of 
the mutation-finite quivers (but the A;-Kronecker ones for k > 2 which are ruled out by 
Ringel's theorem). Luckily, this last classification is known [30]: using it we recover all 
quiver A\ Gaiotto theories [31,32] plus 11 exceptional models [3]. Roughly speaking, the 
complete class contains all the M = 2 theories whose gauge group is a product of S77(2)'s 
in all weak-coupling corners of their parameter space. 

The purpose of the present paper is to lay some groundwork for a future extension of 
the classification to the general quiver case. Our immediate goal is to characterize pairs 
(Q, W) corresponding to gauge theories with gauge group G. 

The general idea is that — in order to correspond to a 4d M = 2 QFT with gauge group 
G — the Abelian category rep(Q, W) must satisfy a necessary condition which we call the 
Ringel property of type G. However, having the Ringel property is certainly not sufficient 
for a category to represent a sensible quantum field theory. 

The physics of the Ringel property 

Let me first state the Ringel property in the physical language. Suppose the pair (Q, W) 
corresponds, in some limit, to a M = 2 QFT with gauge group G. The central charge Z 
gives a map between the physical parameters of the QFT and the stability conditions on 
rep(Q, W) under which the BPS spectrum (at the given point in parameter space) maps 
to the stable representations (for details see, e.g., [4,5]). In particular, by varying the 
Yang-Mills coupling constants gi we get a s-dimensional family of such stability condi- 
tions, Z g , where s is the number of simple factors in G. Now take the zero gauge-coupling 
limit gi —¥ 0. The exact non-perturbative BPS spectrum should asymptotically match the 
perturbative spectrum of the QFT. Hence, the objects X of rep(Q, W) which are asymptot- 
ically stable under Z g ^o and have finite mass, |Z 9 ^o(A)| — 0(1), should consist of vector 
supermultiplets, making precisely one copy of the adjoint representation of the gauge group 
G, plus matter transforming in definite representations of G. Moreover, the matter should 
be mutually-local (i.e. have zero Dirac electric/magnetic pairing) with respect to the gauge 
vectors, and must also be consistent with the Weinberg-Witten theorem [33], that is, the 
light matter should consist only of spin < 1/2 states. All other BPS states which are stable 
in a weakly-coupled chamber, gi <^1, must be solitonic objects, carrying non-Noetherian 
conserved charges, and having masses 0(1/ gf) as & — ¥ in order to asymptotically decouple 
from the perturbative spectrum. 

In summary, from the QFT side, the Ringel property is just the tautological statement 



perturbation theory is asymptotically correct as g — > 



Of course, only the gauge couplings gi are treated perturbatively; the model may be 
strongly-coupled in other respects. 

The mathematics of the Ringel property 

The statement 'perturbation theory is asymptotically correct as g — > 0' has a simple but 
deep translation in the categorical language. It says that the category rep(Q, W) contains 
a full exact Abelian subcategory J2?, closed under direct sums, summands and extensions, 
whose stable objects are the perturbative states. The statement that the perturbative states 
give rise to a nice Abelian category of their own, J2? , just reflects the fact that perturbation 
theory defines a formal M = 2 supersymmetric QFT, that is, that extended SUSY is a 
symmetry visible in perturbation theory. The statement that J2? is just a subcategory 
reflects the fact that perturbation theory is an incomplete description of the quantum 
dynamics which asks for a non-perturbative completion, that is for a larger category of 
BPS states rep(Q,W). 

The Abelian (sub)category J2? should be very simple: since it does not describe higher- 
spin particles, its bricks 3 belong to families of (non-isomorphic) representations having 
dimension at most 1. Mutual locality of matter with the gauge vectors implies a stronger 
constraint on J2? , namely the symmetry 4 



(M,X) E = {X,M) E , where 



X any (stable) brick 
M a generic brick in 
a 1-dim. family, 



and {X, Y)e is the Euler form. 

In facts, much more should be true. J?f should contain a sub-category, universal for a 
given gauge group G, describing the decoupled SYM gauge vectors in the adjoint of G. Let 
us focus on a simple Lie subgroup G fc C G. Since vectors have spin 1, the G^-SYM sector 
should correspond to a one-parameter family of sub-categories of =Sf having the form 5 

V i? c C^Crep(Q,W), 



3 We recall that an object X of a C-linear Abelian category is a brick iff Endc(A) = C. A brick is, 
in particular, indecomposable. All stable objects are bricks [34]. The mathematical terminology we use is 
summarized in appendix A.l. 

4 If the theory has a Lagrangian description, we get the strong symmetry condition (Xi,Xj)E = 
(Xj,Xi)E for all (stable) bricks X,,X,-. 

5 The notation is as in ref. [35] §.2.2, and is reviewed in appendix A.l. Note that the notation already 
implies that the M^-bosons are mutually-local between themselves. 



where U is Zariski-open in P 1 . In addition, J2? should contain a finite collection of 'matter' 
subcategories in one-to-one correspondence with the matter sectors which get decoupled 
as g — > 0. For instance, in SQCD with Nf flavors, we should get Nf such elementary 
subcategories, each one associated with a free elementary quark in the given representation 
of G. Classification of the possible matter subcategories is equivalent to the classification 
of possible matter subsectors (most of them not having any Lagrangian description) and 
hence of all four-dimensional M = 2 gauge theories with a given group G modulo the 
condition of UV-completeness, which requires that the sum of the contributions to the 
gauge-coupling beta function from the matter subcategories is not larger than twice the 
dual Coxeter number of G. The Gaiotto 7jv theories [31] obtained by wrapping N M5- 
branes on a sphere with three maximal regular punctures, and, more generally, any tinkertoy 
'fixture' [36,37] may be seen as special instances of such 'matter' categories. 

For G = SU{2) the complete matter subcategories with isospin | are the standard stable 
tubes of period p > 2, while the SYM part is described by a one-dimensional family of 
homogeneous tubes [35,38]. Physically, a stable tube of period p corresponds to an Argyres- 
Douglas system [29] of type D p with its SU(2) symmetry gauged. In particular, the p = 2 
tube describes a gauged quark iso-doublet. Absence of Landau poles then restricts the 
number and types of tubes with p > 2; imposing this last condition we recover the full 
classification of ref. [3] . 

More precise statements of the Ringel property (of type G) are given in the next section 
and trough the paper. 

We assume the gauge group G to be a product G = Gi x G 2 x • ■ • x G s of simple 
simply-laced Lie groups. The extension to non-simp ly-laced gauge groups remains an 
open problem. 

Organization of the paper 

After an overview of the main ideas in section 2, we start with two (rather long) review 
sections. In section 3 we review the quiver theories with gauge group 577(2), which corre- 
spond to Ringel's canonical algebras (up to derived equivalence, of course). In section 4 we 
review general complete theories with gauge group a power of S77(2), which correspond to 
(3-CY completions of) string algebras 6 [39] or to natural generalizations of such algebras. 

In section 5 we collect some preliminary facts in view of the generalization to arbitrary 
(simply-laced) gauge groups. Section 6 discusses pure SYM, which is the universal sector of 
any gauge theory. In section 7 we introduce a class of algebras which are the straightforward 



6 I thank William Crawley-Boevey for pointing out to me the relevance of the string algebras for 4d 
gauge theories. 



generalization to G — ADE of the usual canonical algebras for the A\ case. In section 8 
we discuss the matter subcategory in the simple 'Lagrangian' case (i.e. the light BPS 
states are required to be pairwise mutually-local). In section 9 we present some (non 
conclusive) comments on the general canonical case. In section 10 we show that all the 
algebras we consider are consistent with the necessary condition following from the 2d/4d 
correspondence. In section 11 we present conclusions and speculations. Technicalities and 
boring computations are confined in the appendices. 

2 Overview 

In this section we give a discursive overview of the main ideas, motivating why the structures 
we describe are general features of quiver M = 2 QFTs, without entering in the details. 
The statements may seem rather abstract at first, so the reader may prefer to give first a 
look to the several explicit examples in the following sections. 

To fix the notation, we first recall some basic facts (see e.g. [4,5]). Given a quiver Q 
with superpotential W we write rep(Q, W) for the Abelian category of the representations 
of Q satisfying the relations dW = 0. Equivalently, rep(Q, W) is the category of finite- 
dimensional modules of the Jacobian algebra CQ/(dW). A BPS chamber 7 is specified 
by a central charge (a.k.a. stability function) Z(-) which is a homomorphism of Abelian 
groups from the charge/dimension lattice K (rep(Q, W)) to C such that the positive cone 
in K Q (rep(Q,W)) of dimensions of objects (i.e. charge vectors of particles as contrasted 
to anta particles) is mapped in the upper-half plane HcC. An object X e rep(Q,W) is 
stable -- that is, a physical BPS particle present in the BPS chamber Z(-) - - iff for all 
non-zero proper subobjects Y of X one has 

<argZ(F) < argZ(X) < vr. (2.1) 

The mass of the BPS particle corresponding to the stable object X is |Z(X)|; by abuse of 
language, we will say that an object X G rep(Q,W) has mass |Z(X)|. 

It is well-known [25] [5] that M = 2 pure SYM with gauge group G = ADE corresponds 
to the mutation-class of the quiver with superpotential W 

t?Dj4(l,l) = G, (2.2) 

where G is the Dynkin graph 8 of the gauge group G with the alternating orientation, 
A(l, 1) is the Kronecker quiver 1 =4 2, and □ stands for the the square-tensor-product of 



7 To be precise, this is a formal BPS chamber which may or may not be physically realizable, see ref. [3]. 

8 I use the same letter G to denote three different things: the gauge group, its Lie algebra, and its 
Dynkin diagram. I hope this will not cause confusion. 



two alternating quivers defined in ref. [40]. E.g., for G 
form 



SU(5) the SYM quiver has the 



A 4 



(2.3) 



The quiver G has one Kronecker subquiver 



per simple root of G, and the sink of 



u 



the i th Kronecker subquiver Ktj is connected to the source of the j'-th one Kr,- by —C. 
arrows, where CV,- is the Cartan matrix of G. The superpotential W of G is also fixed by 
the square-tensor-product prescription and will be given in §. 6. We write rep(G) for the 
Abelian category of the representations of G satisfying the relations dW = 0. The spectrum 
of pure SYM in the chamber Z(-) is then given by the stable objects of the Abelian category 
rep( 



2.1 Light and heavy subcategories 

2.1.1 AT = 2 SYM 

For pure SYM our first result is the decomposition 



rep 



^ YM (G)V^(G), 



(2.4) 



where the SYM 'light' subcategory J2? YM (G) is an exact Abelian subcategory of rep(G) 
closed under direct sums/summands, kernels, cokernel, and extensions, with the nice prop- 
erty that it contains all stable representations which have bounded mass in the limit gi — > 0. 
The stable objects in Jif(G), instead, have masses of order 0(1/ gf). In all weakly-coupled 
chambers the stable objects of the light subcategory J2? YM (G) correspond to the pertur- 
bative degrees of freedom of SYM, namely mutually-local vector-multiplets making one 
copy of the adjoint representation of G. The stable objects of Jif(G) are, at weak coupling, 
massive solitonic dyons. The light subcategory Jzf YM (G) may be further decomposed into 
one-dimensional families of Abelian subcategories 



y™(G) 



V 



simple factors \_ _^^pl 
G k of G 




(2.5) 



the subcategories J^y (Gk) with different A being pairwise orthogonal and equivalent. 
Eqn.(2.5) just reflects the fact that the gauge interactions are mediated by (mutually- 
local) vectors. We call the category J2f YM (Gfc), which depends only on the simple Lie group 
Gk, the homogeneous Gk-tube. 

Explicitly, J£™(Gk) is the subcategory of the representations Y of the SYM quiver 
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2 \. ^ 

Gk □ A(l, 1) which restrict in each Kronecker subquiver Kr^ to the form 

Y\ K : C e A I C e , with det[x-A] = (x-\y, (2.6) 

that is, to a representation in the stable tube 7a of the AR quiver of the algebra CM(1, 1) 
labelled by the point A G P 1 [35,38,41] (the same A for all Kronecker subquivers Kr^j. of 
GkO A(l,l)). Homogenous S77(2)-tubes are just the ordinary homogeneous stable tubes 
T x [35,38,41]. 

2.1.2 General J\f = 2 gauge theories 

Universality of the gauge interactions at weak coupling suggests that the perturbative 
subcategory J2? YM (G) should be a subcategory of rep(Q,W) for all pairs (Q,W) which 
correspond to a 4d N = 2 QFT with gauge group G. In facts one must have 

^ YM (G) c & C rep(Q, W) (2.7) 

where J?f is the 'light' exact subcategory containing all perturbative states of our G-gauge 
theory whose existence is predicted by the Ringel property 9 . 

This idea can be made more precise. First of all [31], most 4d M = 2 models have several 
distinct limits in which some gauge couplings get weak; these different weakly-coupled 
descriptions are related by generalized S'-dualities [31]. Therefore, most of the physically 
relevant Abelian categories rep(Q, W) should contain infinitely many light subcategories of 
the form J?f , while the ^-duality group acts by permuting such light Abelian subcategories. 
More precisely, the statement applies to the corresponding derived categories: e.g. the 
derived category for SU(2) SCQD with Nf = 4 [2] should decompose in a P 1 Q-family of 
light subcategories {-Sfg} ge piQ on which the S'-duality group PSL(2,Z) acts projectively; 
each Jz? q is a copy of the 'perturbative' category whose only stable states are a W-bosoia 
and four fundamental quarks. That such a P 1 Q-family of 'perturbative' categories is the 
correct non-perturbative category, D b (rep(Q, W), for Nf = 4 SU(2) SQCD is in facts a 
known mathematical theorem (see §.3.2 for details and references). 

Second: in an interacting theory there are pairs of matter objects X, Y E _5f \ Jz? YM (G) 
whose extension Z, 

O^X^Z^F^O, (2.8) 

is an indecomposable object of the YM subcategory Jz? YM (G) C ££ . Extensions of this 



9 Properly speaking, this is true provided we pick up a representative {Q, W) in the mutation-class 
which 'covers' the weak-coupling regime of interest. Otherwise the statement holds only up to derived 
equivalence. 
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kind correspond to physical processes and may be roughly identified with the perturbative 
vertices. For instance, X, Y may correspond to a quark-ant iquark pair which annihilates 
into a gauge vector Z. Charge conservation in such processes then naturally leads to the 
identification of the conserved charges with the Grothendieck group K (rep(Q, W)). 

Given that the matter consists of spin < 1/2 states, the stable matter objects X,Y G 
Jzf \ J2f YM (G) are necessarily rigid. The closure under extensions in ££ of the class of matter 
objects then contains at most countably many objects (up to isomorphism). Consequently, 
the representations in Jz? YM (G) with A generic are not the extension of any matter repre- 
sentations. Therefore, the light category of a general (quiver) gauge theory (in any given 
^-duality frame) must have the structure 

^=(V^)V| V V^ YM (G fe ) D \/ V^ YM (G fc ), (2.9) 

\ simple factors \^JJ, 

\ o k of a / 



r£F 



iimple factors ,\ppl 



where Uk C P 1 is Zariski-open and F is a finite set. Thus universality of the gauge 
interactions as g,i —¥ 0, together with the limits on the charges and spin of the light states 
[33], produce the following description of the light subcategory ££ corresponding to a limit 
with a weakly coupled gauge group G\ x G 2 x • • • x G s : one has a orthogonal decomposition 

% = \/ ■&*> ( 2 - 10 ) 

AeiV 

where A^ is a closed projective variety with s irreducible P 1 components in one-to-one 
correspondence with the simple factor groups G^ of G, such that 



A is a generic point in the k-th irreducible component of iV =^- S£\ = Jz? x {G 
A is in the closure of the k-th. irreducible component of N =^> ££\ D „Sf A [G 



k 



k 



The special subset F C N of points A such that the light subcategory 5£\ is not a homoge- 
nous G-tube (that is, it is strictly larger than the one for pure SYM) consists of finitely 
many (closed) points. The subcategories J^x^f, called non-homogeneous G-tubes, corre- 
spond to the various matter sectors which decouple from SYM in the limit g — > 0. To be 
more precise, for each A G F there is a subcategory matterA C ££\ whose stable objects are 
the BPS states of the corresponding decoupled matter subsystem. In many instances, the 
M = 2 matter sector associated to the point A G F has a quiver description of its own, 
say {Q\ 01 Wa ). In this case one has 

L> 6 (matterA ) = D b (rep(Q Xo , W Ao )). (2.11) 
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Figure 1: P 1 components in Kodaira's singular fiber of type IV. 

In general matter^ corresponds to an interacting M = 2 theory, except when the full theory 
has a weakly-coupled Lagrangian description; in that case matter^ C J£\ just describe a 
bunch of free hypermultiplets. 

The matter sector encoded in the Abelian subcategory J£\ Q is charged with respect to 
all gauge group factors G& such that the point Ao is in the closure of the generic point of 
the P 1 component of N associated to that group factor. Thus the matter in Jz?a ma Y be 
charged under two or more factor groups G^ , • • • , Gk r only if Ao lays at the intersection 
of the associated irreducible components of N. E.g., if we consider the gauge theory with 
G = S77(2) 3 coupled to a half-hypermultiplet in the representation (2, 2, 2), N is equal to 
the Kodaira singular fiber of type IV, and the |(2, 2, 2) matter subcategory is contained 
in Jz?o, where is the crossing point of the three lines (figure 1). The same N applies (in 
particular ^-duality frames) to the complete M = 2 theory described by the Derksen-Owen 
quiver X 7 [3]. 

2.2 Relation with the Gaiotto construction [31,36] 

A priori the above discussion is not related to the Gaiotto construction of a large class of 
M = 2 gauge theories by compactifying the 6d (2, 0) theory on a Riemann surface £ with 
various insertions of defect operators. However, a posteriori the two constructions turn out 
to be strictly related. 

In the Gaiotto framework each weakly coupled regime corresponds to a maximal de- 
generation of the Riemann surface with punctures E. The degenerate surface consists of a 
number of infinitely long cylinders, i.e. copies of C* = P 1 \ {0, oo}, whose ends are attached 
to the punctures of spheres having 3 punctures of various kinds called 'fixtures' [31,36]. We 
may collapse each fixture down to a point. These points close the cylinders, making them 
P^s, crossing each other at the fixture points and having a finite number of marked points 
associated to the insertion of a fixture with two free punctures (i.e. punctures to which no 
cylinder is attached). Since the long cylinders are in one-to-one correspondence with the 
simple factors of the gauge group [31], namely with the P 1 irreducible components of N, by 
collapsing the fixtures the degenerate Gaiotto curve gets identified with the index variety 
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iV according to the dictionary 



10. 



Ringel property 


Gaiotto construction 


index reducible variety N 


maximal degeneration of the curve £ 
with fixtures collapsed 


1 -parameter family of homogeneous G^-tubes 


cylinders with simple gauge group Gk 


non-homogenous G kl x Gk 2 x G^-tubes 


fixtures with G flavor D G kl x G k2 x G k . A 



Then we may think of the non-homogenous G-tubes as a categorical version of the 
Gaiotto tinkertoys [31,36,37]. The usual way of thinking of the tinkertoys identifies them 
with the subcategory (object class) matter Ao C J^a ()! e.g. the A 1 3-punctured sphere is 
seen as a half-hyper in the (2, 2, 2) rep. of SU(2) 3 , that is, four free hypers. However this 
conventional viewpoint is not convenient in either approaches: from the categorical side the 
subcategory matterA is neither exact nor closed under extensions, while from the Gaiotto 
point of view, we do have fixtures which are matter-empty — they represent zero free hypers 
- yet non trivial and whose presence is required for the consistency of the construction, 
see [36, 37] for examples. As emphasized in ref. [37] (see their remarks at the end of page 
25) the empty fixtures carry, in some sense, a non-trivial flavor symmetry. Categorically 
speaking, these empty fixtures correspond to situations where the subcategory matte^, = 0, 
while J2?a () is non-trivial, and in fact is a homogenous if -tube for some H D G. 

For these reasons, when referring to the category of a fixture we always mean Jz?a 
with Ao G N the point at which the corresponding three P^s cross. Then, for the sake of 
comparison, we check that the matter subcategory matter C J2?a is the expected one (we 
are able to make explicit checks only for A\ theories). 

There is, however, an important difference between the two approaches. Even limiting 
ourselves to the categorical version of the A\ tinkertoys, their allowed gluings are more 
general than the pant decompositions of punctured Riemann surfaces; roughly speaking, 
in the pant decompositions, the SYM sectors are represented by cylinders C*, that is, P 1 
less two points, whereas categorically we can use any open set in P 1 , i.e. we can delete 
any finite number of points. This allows us to construct additional theories, which are not 
of Gaiotto type, using the same building blocks. However this flexibility comes in a pack- 
age: whereas the Gaiotto construction produces models which are automatically quantum 
consistent, a general gluing produces a formal field theory which may have Landau poles 
or other pathologies. There are only finitely many non-Gaiotto gluings of the A\ categor- 
ical tinkertoys which are free of Landau poles, and they correspond to the 11 exceptional 
complete models [3]. 



10 'Fixtures' here means generalized fixtures in the sense of [3] for the Ai case, that is, the resulting 4d 
theory is not required to be superconformal. 
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2.3 The classification problem 

2.3.1 The three steps 

From the above results it follows that the classification of all (quiver) M = 2 theories with 
gauge group G (in some corner of its parameter space) consists of three main steps: 

1. the classification of the non-homogenous G-tubes ^f\ , which gives the list of all 
possible matter subsystems we may couple to G-SYM; 

2. the conditions expressing the quantum consistency of the coupling of SYM with a 
given collection of such matter subsystems, that is, the rules specifying which com- 
binations V XeN S£\ of G-tubes, almost all homogeneous, are physically allowed (the 
'gluing rules'); 

3. determine which pairs (Q, W) are such that 

V^A = ^crep(g,>V). 

XeN 

The category D b (rep(Q, W)) is the non-perturbative completion to the 'perturbative' 
category D b (J£). Two such 'perturbative' categories with the same completion 

J D fe (if 1 ), J D 6 (^ 2 )c J D 6 (rep(g,W)) 

are then related by a generalized S'-duality 

For G = SU(2) k the list of the non-homogenous G-tubes with matte^, containing 
only spin < 1/2 BPS states (in all chambers) is explicitly known. For k = 1 the non- 
homogenous SU(2)-tubes representing matter in the fundamental representation are the 
well-known non-homogeneous stable tubes [35, 38, 41] which are labelled by a number 
p > 2 (the period). Each such matter subsystem gives its contribution to the /3-function 
of the gauge coupling. The consistency conditions of step 2. above is then simply the 
requirement that the /3-function is non-positive for all SU(2) gauge groups, as required by 
UV-completeness. Step 3. is solved, up to derived equivalence, by taking as (Q, W) the 
3-CY completion [27] of the canonical algebra [35] of type {pi,P2, • • • ,Pe}, where pi is the 
period of the i-th non-homogeneous tube. Equivalently, the non-perturbative category is 
_D 6 (CohX), where X is the weighted projective line of weights {p±,P2, • • • ,Pe} [45,46]. 

For G = SU(2) (and more generally for G = SU(2) k ) one recovers in this way the 
classification obtained in [3] using totally different ideas. The present approach, however, 
may be extended (at least in principle) to arbitrary gauge groups. 

Therefore we pose the 
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Problem. Classify the non-homogeneous G -tubes Jz?a - 

Although the complete answer to this problem is not known for higher rank gauge 
groups, we do have a large supply of examples of G-tubes coming from two sources: 

• generalized Gaiotto tinkertoys; 

• canonical constructions (see subsection 2.4). 

The first class is a bit implicit, while the second one is totally explicit. For this reason, 
most of the paper is dedicated to the canonical examples. 

2.3.2 Non-perturbative completion of «£?. Non— quiver J\f = 2 theories 

Step 3. in the classification program asks for a non-perturbative completion of the 'per- 
turbative' category ££ . One may wonder how such a completion may work in practice, 
and also to which extend the non-perturbative completion would be unique (up to derived 
equivalence, of course). 

A procedure for constructing the non-perturbative completion of 5£ is equivalent to a 
method for solving the QFT. Indeed, one starts with the basic degrees of freedom of the 
theory - - say, gluons and quarks - - which are encoded in «£?, then constructs its non- 
perturbative completion and reads the full BPS spectrum of the QFT. 

Let us discuss these matters in a simple example, namely 577(2) SQCD with Nf < 4. 
The perturbative category 5£ (see §.3 for details and references) is the category of rank 
zero coherent sheaves on the weighted projective line X^ f , which is P 1 (associated to the 
gauge vectors) with Nf points of weight 2 (each such point representing a quark doublet). 
The simple objects of ££ are the skyscraper sheaves on X^ (suitably defined on the points 
of weight 2). The set of simple objects of ££ may be identified with a geometric space, i.e. 
XN f itself. 

From this point of view, the non-perturbative completion of Jz? is quite obvious, say, 
from string theory. It is the full category D b (CohXN f ), where we drop the perturbative 
restriction to sheaves of rank zero. This is indeed the right answer and the stable objects 
in D b (CohX Nf ) with positive rank are precisely the BPS dyons of 577(2) SQCD. So, at 
least in this baby example, the completion appears to be uniquely dictated. We find the 
full BPS spectrum just by completing the category encoding the perturbative degrees of 
freedom (quarks and gauge supermultiplets). 

If our M = 2 model is not a quiver gauge theory, it still has a light subcategory «£?. A 
typical example of a non-quiver model is an A-± Gaiotto theory defined on a curve of higher 
genus, g > 3, without punctures [3]. For such a theory, one constructs the light category 
££ by going to a degenerate limit and using the correspondence of the previous subsection. 

16 



The problem is its non-perturbative completion. It should be a category which is more 
general than (the derived category of) the representations of a quiver, but otherwise the 
structure described in this paper applies to these theories too. 

2.4 The canonical gauge functor 

For a M = 2 SU(2) gauge theory, there is a canonical construction of the 'non-perturbative' 
category D b ( y rep(Q, W)) as the derived category of the corresponding completed canonical 
algebra (see next section for a review). Indeed, this is precisely why these algebras are 
called 'canonical'. 

Similar canonical constructions work for many other M = 2 models, e.g. for SQCD 
with any number of colors iV c and flavors Nf, or SU(2) 3 SYM coupled to a half three- 
fundamental, or else any M = 2 gauge theory which is 'nice' in the sense of ref. [44]. 
Whenever such a canonical construction exists (and is known) the computation of the BPS 
spectrum dramatically simplifies and the Ringel property becomes quite transparent. 

In these situations there is a preferred pair (Q, W) in the mutation class; its Jacobian 
algebra CQ/(dW) is the 3-CY completion of an algebra A with the property that all 
representations of CQ/(dW) which are stable in any weakly-coupled 11 chamber -- those 
representing light particles as well as the heavy dyon ones - - are in fact modules of A 
extended by zero to modules of the full Jacobian algebra CQ/(dW). Thus, at weak coupling 
we may replace, without loss of physical information, the category rep(Q, W) with the 
subcategory mod A of (finite-dimensional) modules of A. 

The crucial property of the canonical setting is the existence of a functor 

<S: modA^ rep(G), (2.12) 

called the canonical gauge functor, mapping a module X into a representation &(X) of 
the pure SYM quiver G. Roughly speaking, the functor £f has the effect of projecting 
on the weakly-coupled gauge sector of the theory. If the gauge group is a product G = 
G\ x • • • x G s , the gauge functor 5f maps a representation X G mod A into a s-tuple of 
SYM representations &(X) a , a = 1, 2, . . . , s, with 

<3(X) a G rep(G a ). 

The pair (A, £f ), with the functor £f satisfying the properties below, is called a canonical 
pair, and the algebra A a G-canonical algebra; a M = 2 theory admitting (in some weakly 
coupled limit) a canonical pair, will be called a canonical M = 2 QFT. As we already 
mentioned, most of the 'usual' M = 2 gauge theories are indeed canonical in this sense. 



11 With respect to a given S'-duality frame. 
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The gauge functor £f is required to enjoy the following properties: 

1. the object X is stable at weak coupling =>- < 3(X) a is either stable at weak coupling or 
zero; 

2. the magnetic charges 12 

m: rep(Q,W)^T wcight ( L G), (2.13) 

are preserved 13 by £f 

m(&(X))=m(X). (2.14) 

So, a representation X G mod A corresponds to a dyon stable at weak coupling (with 
respect to the given ^-duality frame) iff the representation &(X) corresponds to a 
stable dyon in pure SYM; 

3. Let Jz? C mod A be the exact Abelian subcategory (closed under extensions and direct 
summands) consisting of all objects X such that m(X) = while 14 m(Y) < for 
all its subobjects Y . Jz? is the 'light' subcategory of §.2.1, containing the states with 
zero magnetic charge. From 1. we get 

X G % indecomposable, and &(X) a ^ => &(X) a G ^ A ™(G a ) (2.15) 

for a unique X a G P 1 . Define 

N= |(Ai,...,A s ) G (P 1 ) 8 3X G JSf such that ^ ^(X) a G ^ M (G a ) Va}. (2.16) 

Then, 

(a) £t = Vasat-^a; 

(b) each indecomposable X G Jz? belongs to a unique j£^. 

(c) ^(^ A ) a C ^ M (G a ). 

The category ££\ is precisely a G-tube indexed by A G X in the sense of §.2.1. 
Thus the G-tubes arising in the canonical context are easy to construct explicitly 
using the gauge functor. There is no reason, however, to expect that all G-tubes 
are canonical. Canonical SU(2)-tvibes are just ordinary stable tubes [35, 38, 41] or 
obvious generalizations. 

12 L G stands for the Langlands dual of the group G. 

13 Instead the electric charges of the G-canonical theory and of pure SYM differ by a linear combination 
of the charges of the matter sector. Physically, Nocther charges mix between themselves but not with 
topological ones. 

14 By m(Y) < we mean that —m(Y) is either zero or a positive weight of L G. 
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4. If, as g — > 0, the matter sector consists of n decoupled subsystems (e.g. for a La- 
grangian theory n is the number of flavors of quarks) there are n special points 
\( a ) £ TV such that N \ {X^, ■ ■ ■ , A^} is the disjoint union of s Zariski-open sets 
f/ a C P 1 . The restriction of the gauge functor to U a has universal properties 



(a) XeU a => #(•)«, : ^ x ->■ & x (G a ) is an equivalence; (2.17) 

(b) \eU a ,b^a =► Sf(-)& : JS?a -► ^x M ( G b) is locally constant (2.18) 



• /; 



A 



in the sense that there is a fixed /j, ab G P 1 such that 5f (-^a)& ^ -^Z^ (^&) f° r A G C/ a . 
In simple instances, in which the quiver representations associated to the VT-bosons 
of distinct group factors have non-overlapping supports in Q, the restriction to U a of 
^{')b (b 7^ a) is just zero. However, there are situations, e.g. in presence of a half- 
hypermultiplet charged with respect to several gauge group factors, where overlapping 
supports are unavoidable [3]. Physically, equations (2.17)(2.18) say that the theory 
at hand has the same gauge vectors as pure SYM, guaranteeing universality of the 
gauge interactions. 

The G-tubes JS? A with A G N \ {A^, • • • , A^} are homogeneous. For G = SU{2) 
they are homogeneous in the usual sense [35,38,41]; 

5. the G-tube over a special point A*"* 1 contains the states of an irreducible decoupled 
(in the limit g — >■ 0) matter sector. For a Lagrangian model these are just quarks (free 
hypermultiplets). For a non-Lagrangian model they are more sophisticated forms of 
matter: e.g. for G = SU(2) the S77(2)-tubes are classified by a single integer p > 1, 
namely their period (p — 1 meaning a homogeneous tube). The matter corresponding 
to a tube of period p is an Argyres-Douglas system of type D p [3] (where D\ = 0, 
D 2 = Ai © A 1 , D 3 = A 3 , of course); 

The canonical G-tubes themselves may be studied with the help of other natural func- 
tors. E.g. the analysis of the homogeneous G-tubes gets reduced to the study of the rep- 
resentations of the preprojective algebra of the corresponding Dynkin graph, V(G) [42,43]. 
This is a nice finite-dimensional Frobenius algebra. Similar functors relate the 'quark' non- 
homogeneous G-tubes to the representations of a preprojective algebra modV(Q), where 
now the quiver Q depends on G and the gauge representation R of the quark. 

2.5 Graphical rules for asymptotic freedom 

The classification of complete M = 2 theories of ref. [3] produced, in particular, graphical 
rules to decide whether a given quiver Q corresponds to an asymptotically free, a UV- 
superconformal, or UV-incomplete QFT. Similar graphical criterions emerge for general 
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gauge groups G. A simple and elegant example of such a rule is the following. Consider 
the class of N = 2 with a simple-laced gauge group G = ADE coupled to a single quark 
in a representation R of G specified by a Dynkin label of the form 

[di,d 2 ,...,d r ] = [0,--.,0,l,0--.,0]. (2.19) 

We ask: i) which pairs (G, R) correspond to an asymptotically free theory? ii) which 
pairs (G, R) give M = 2 theories which may be engineered by Type IIB on a (non-compact) 
Calabi-Yau hypersurface embedded in C 4 ? 

Of course, the answer to these questions is well-known, see e.g. ref. [44] for the list 
of the relevant pairs (G,R). However, the gauge functor analysis gives a purely graphical 
interpretation of these lists. Let us associate to a pair {G, R) the augmented Dynkin graph 
obtained by adding a new vertex to the Dynkin diagram of G connected to the i-ih node 
of G by di links. The (G, R) theory is asymptotically free if and only if the augmented 
Dynkin graph is also a (finite-type) Dynkin graph. See figure 7 and the discussion around 
it. 



3 The SU(2) case (Ringel's canonical algebras) 

3.1 Review of the complete case 

Let us start by considering the simplest situation, namely the M = 2 quiver gauge theories 
having gauge group SU(2) and matter in the fundamental representation. As will be clear 
below, their quivers (Q, W) coincide, up to mutation, with the 3-CY completion of Ringel's 
canonical algebras [35,45]. For this reason we shall refer to these M = 2 models as the 
S'[/(2)-canonical theories. 

Limiting ourselves to models without Landau poles 15 , these theories are obviously com- 
plete 16 , and hence should be present in the classification of ref. [3]. In the notations of that 
paper, the full list of UV-complete S'[/(2)-canonical theories is 

A(p, q), p > q > 1, D r , r > 4 E 6 , E 7 , E 8 (3.1) 

D 4 , E 6 , E 7 , E 8 , (3.2) 

where the first line corresponds to the affine {domestic canonical) models, which are asymp- 
totically free, and the second one to the elliptic {tubular canonical) models which are UV 
superconformal. The five SU{2) SQCD models which are UV complete, namely those with 



15 This restriction will be eliminated in §.3.3 below. 

16 We recall that a quiver M = 2 theory is complete iff its quiver has mutation-finite type. 



20 



Nf = 0, 1,2,3,4, correspond, respectively, to the following S'f/(2)-canonical models 

1(1,1), 1(2,1), 1(2,2), D 4 , D 4 , (3.3) 

while all the other S'f/(2)-canonical theories do not have a weakly-coupled Lagrangian 
description. Their physics is described in detail in [3] and it is most easily understood by 
considering the full family rather than each model by itself. As we shall review below, they 
all correspond to SU(2) SYM coupled to a number of _D p -type Argyres-Douglas models. 

From the above list, we notice that the family of the S'[/(2)-canonical models contains 
all the complete theories with gauge group strictly SU{2) with the single exception of 
M = 2*. Indeed, M = 2* is the only UV-complete SU(2) gauge theory with matter not in 
the fundamental representation. However, SU(2) M = 2* is canonical in the more broad 
sense of §. 2.4, as we shall see in §.3.3 below; there we discuss also some wilder generalization 
to higher SU(2) representations. 

3.1.1 Definitions and conventions 

To be specific, for k > 0, let 

k = {n 1 ,n 2 ,--- ,n k } (3.4) 

be a set of k integers with ni > 2. The canonical algebra ^(k) of type k = {n 1; n 2 , • • • ,Uk} 
may be described from many different viewpoints [35,38,45,46], some of which are reviewed 
in appendix A. 4. Here we describe the 3-CY completion of a canonical algebra of type 
K = {ni,ri2, ■ ■ ■ ,rik}- Its canonical quiver Q(k) consists of a 'source' node 17 4jk and a 'sink' 
node <) connected by k distinct paths — one for each integer n a in the set k — of the form 

n a arrows 
/s 



4: * >• >• > >• >0 (3.5) 

(each node • belonging to a unique such path), as well as by k — 2 'inverse' arrows going 
directly from <0> to 4* (with the usual convention that a negative number of arrows means 
arrows in the opposite direction). The total number of nodes of Q(k) is then 

#Q(/€) = 2 + ^K-l). (3.6) 

a 

From the above description, it is obvious that the superpotential W vanishes for k < 2 



17 Sink and source nodes are so distinguished that we adopt a special symbol for them, {> and A. 
respectively. All other nodes are represented by a plain • symbol. 
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while for k > 3 W is 

M«)=x; ,it [^(n^- A «n^-^n^)] ( 3 - 7 ) 

a=3 ^ a «i ^ 2 

where r] a , a = 3,4, ...,k are the Higgs fields associated to the k — 2 'inverse' arrows 
<0> — ^-> 4k , while JT» ^ is a short-hand symbol for the ordered product of the Higgs fields 
associated to the arrows along the path £ a , cfr. eqn.(3.5), which we shall write simply as 
Y\ a ip; finally, 

(A a : n a ) e P 1 (3.8) 

is a set of k — 2 distinct points in P 1 \ {0, oo}. 

Definition. For k > 2, the canonical algebra 18 ^(k) is the subalgebra of CQ(k)/(dW) 

CQ°(K)/(d Va W) (3.9) 

where Q°(k) is the subquiver of Q(k) obtained by eliminating the 'inverse' arrows r\ a . For 
k < 2, ^(k) = CQ(k). Then the 3-CY completion of ^(k) is the full Jacobian algebra 
CQ( K )/(dW). 

The BPS states correspond to the representations (modules) X of the 3-CY completed 
algebra which are stable with respect to the given stability function (= central charge) 

, . /the positive-cone being mapped \ 

Z:K (rep(Q,W)) ^C . (3.10) 

y to the upper half-plane 7i J 

We write mod ^(k) for the Abelian category of modules over the canonical algebra ^(k) 
which we identify with the subcategory of rep(Q, W) of representations X with vanishing 
inverse arrows, X Va = 0. 

The Euler characteristic 19 of a canonical algebra ^(k) is [45,46] 



X(«)=2-Wl-^) (3.11) 



i N 

18 For simplicity, we omit writing the dependence of the algebra form the points (A a , fi a ) G P 1 ; of course 
the algebra depends on these parameter modulo projective transformations. 

19 x( K ) is called the 'Euler characteristic' because it is the orbifold Euler characteristic of the weighted 
projective line X(k) [45,46] such that D 6 (CohX(«;)) ~ D b (mod "*? '(«)) . For k = 0, ^(0) is the Kronecker 
algebra (corresponding to pure SU(2) SYM), and X(%) = P 1 which has x = 2. 
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which has the physical interpretation of the /3-function of the 577(2) gauge coupling g [3] 

d\xg 2 it 
Hence the M = 2 theory is [35,45,46] 



^ = ^. (3.12) 



asymptotically free •<=>- % > <^> ^(/t) is concealed Euclidean (3.13) 

UV superconformal -<=>- x — •"• ^(«) is tubular (3-14) 

with Landau poles -<=>- x < <^> ^(/t) is wild. (3.15) 

In particular, for k = we recover pure SU(2) SYM, while k — {2, 2, • • • ,2} with Nf 
2's gives SU(2) SQCD with Nf flavors. If the set k contains some rii > 2, the model has no 
Lagrangian formulation, but it may still be constructed a la Gaiotto-Moore-Neitzke [31,32] 
(but for six exceptional models [3]). Note that the formula (3.12) for the /3-function agrees 
with the usual one for models having a Lagrangian formulation. 

It is remarkable that the representation theory of a canonical algebra is nice (that is, 
not strictly wild) if and only if the corresponding M = 2 theory is UV-complete. 

3.1.2 Magnetic charge and weak coupling 

Suppose a given pair (Q, W) corresponds to a SU{2) gauge theory, and let S be the charge 
(i.e. dimension) vector of the representations corresponding to the W^-boson. Since the W 
boson has electric charge 2, the magnetic charge m(X) of the BPS state described by a 
representation X G rep(Q, W) is — by definition — given by 

m(X) = i(dimX,,5) Dirac = ^(dimX,5) E - (5,dimX) E S ), (3.16) 

where (•, -)e is the Euler form 20 of any algebra srf whose 3-CY completion is equal to 
CQ/(dW). 

If (Q, W) is the 3-CY completion of a canonical algebra, the above formula simplifies. 
A canonical algebra, has a natural candidate for the W^-boson family of representations 
with charge/dimension vector 

S = (1,1, •••,1,1). (3.17) 

In suitable chambers (3.17) is a stable BPS vector multiplet. Note that (S,S)e = 0. 

With respect to this canonical 21 WMDOson, eqn.(3.16) gives for the magnetic charge 

20 See appendix A. 2 for the definitions and main properties. 

21 As we shall see in §. 3.2, a canonical theory may have other vector multiplets besides the canonical 
one; the present argument may be repeated for each such vector. In these cases we get several distinct 
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function m: K (rep(Q, W)) — > Z the expression 

m(X) = (dimX)* - (dimX)<>. (3.18) 

which restricts to mod ^(k) to the Ringel linear form l(-) = (-,S)e [35]. 

The central charge Z : K (rep(Q,W)) — > C is a function of the parameters of the 
physical theory and, in particular, of the Yang-Mills coupling constant g. Let us focus on 
the stability function Z(-) in the weak-coupling limit g — > 0. In this limit the classical 
expression for Z(-), 



( 9 Ani 



Z{X) « (a) e(X) + ( — + —^ ) (a) m(X) + (mass terms), (3.19) 



is asymptotically correct. In eqn.(3.19) (a) is the v.e.v. of the the complex adjoint field 
in the vector supermultiplet, and e(X),m(X) stand, respectively, for the electric and mag- 
netic charges of the BPS state associated to the representation X. Since, in the region of 
parameter space covered by the given quiver, the magnetic charge m(X) takes both positive 
and negative values, in order for Z(X) G % as g — > for all X's in rep(Q,W), we must 
have (a) = C i + 0(g 2 ) with C real positive. Then, at weak-coupling (with respect to the 
canonical WMDOson) we have a stability function Z(-) of the form 

C 
Z(X) = Z (X) - — m(X), g -> 0, and C real positive, (3.20) 

g 2 

where Zq(-) is some admissible stability function, and g is asymptotically small. Depending 
on the particular Zq(-), there may be several such weak-coupling chambers, with different 
BPS spectra (i.e. different stable representations). Our statements will apply to all such 
weak-coupling chambers. 

Proposition. Let X G rep(Q(n,), W) be a representation which is stable in the canonical 
weak coupling (g — > 0). Then X m = for all arrows rji, that is, X is a representation in 
mod^/t) extended by zero. Hence, at weak coupling, we may replace the 3-CY completed 
category rep(Q(K),W) by the simpler (sub)category mod^(fi;). 

PROOF. There is nothing to show for k < 2. For k > 2, consider the following map 
from the representations of our completed algebra CQ(k)/(dW) to representations of the 
Kronecker one 

Sf: X^ X* : : \ X^ (3.21) 

which preserves the magnetic charge (and hence the definition of weak coupling). 5f (X) 



weakly coupled limits which are related by (generalized) ^-dualities. 
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can be written as a direct sum of indecomposable, ©jFj. By the relations d Va W = 0, one 
has 

Va l[rl>(X*\ Y ) C X<>\ Yi . (3.22) 

a 

The Fj's are either preprojective (the arrows are injective non-iso), or preinjective (the 
arrows are surjective non-iso), or regular (in which case we may assume Y\ 1 ip to be the 
identity). The relations d^W = imply 



Va 



H^ = Yl^Va = 0, fora>3 (3.23) 



and 

a 11a a 2 2a 

Thus the only non-zero part of i] a is 



Va- X < 



^x* 



(3.25) 



where Y p (resp. Y q ) is the direct sum of the preprojective (resp. preinjective) Y^'s. If Y p = 0, 
there is nothing to show. Assume Y p is not zero. li^(X) = Y p the statement is also obvious, 
so we assume &{X) ^ Y p . Set to zero the vectors in the direct summand X^ , X+ 

Yp Yp 

(and their images in the X.'s trough the ip's). By the above relations and assumptions, we 
get a proper subrepresentation U of X. Its central charge is 

Z(U) = Z(X) + - 2 ((dim ^4, - (dimy^o) + 0(1) (3.26) 

and, for j<1, aigZ(U) > argZ(X) contradicting weak-coupling stability. Then either 
Y p = or &(X) = Y p and (cfr. (3.25)) r] a = for all a's. D 

Therefore, if we are only interested in weak coupling, g ps 0, we may limit ourselves 
to the category of (finite-dimensional) modules of the canonical algebra ^(k) which is 
well-understood. The basic result is 

Theorem (Ringel [35]). One has 

mod%)=?vrvQ, (3.27) 
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and for an indecomposable module X 

m(X) < <£> X e V (3.28) 

m (X) =0«IgT (3.29) 

m(X) > <£> X e Q (3.30) 

Moreover 

T=\jT x (3.31) 

AGP 1 

is a sincere stable tubular F 1 -family of type k = {ni, . . . , n&} separating V from Q. T is 
controlled by the restriction of xc to kerm. 

Translation for physicists: the category V (resp. Q) is generated by the dyons 
of negative (resp. positive) magnetic charge. States with only electric charges (that is, 
mutually local with respect to the gauge vectors) generate the Abelian category T. The 
states in T are the only ones with bounded mass in the weak coupling limit g — > 0; states 
in V, Q have masses 0(1 /g 2 ), cfr. eqn.(3.20). Hence the Abelian subcategory T is precisely 
our 'light' subcategory .£?, and ££\ = T\. The purely electric stable states are precisely one 
IT-boson (associated to the generic brick of the P 1 -family) and k matter subsystems each 
equal to a D n . Argyres-Douglas theory associated to a tube of period n^. In particular, 
there are no higher spin states in T. 

Note that in this theorem there is no assumption on the type k, that is, it is true even 
if ^(k) is wild (i.e. the QFT has Landau poles). On the other hand, the properties of the 
dyonic subcategories V, Q dramatically depend on the type: in the domestic case (= AF) 
they contain only hypermultiplets, in the tubular case (= UV superconformal) they contain 
both hypermultiplets and vector multiplets (which form SX(2,Z) orbits under ^-duality, 
see §.3.2), while in the wild case (= Landau pole) states of arbitrary high spin will be 
present. Representation theory and physical intuition match perfectly in all cases. 

Controlled by xdkerm means that an electric state is a hypermultiplet (resp. a vector 
multiplet) iff its charge vector dimX is a real (resp. imaginary) root in Kac's sense [47,48]. 

3.1.3 The gauge functor W 

The operation in eqn.(3.21) defines a functor 

<S\ mod^(/c) ^modKr = mod^(0), (3.32) 

where the category mod Kr of representations of the Kronecker quiver Q(0): 4k =4 <0 
corresponds in physics to pure SU(2) SYM. 
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The functor 5f has all the properties stated in section 2 for the canonical gauge functor. 
The Ringel theorem quoted on page 25 is essentially the existence of £f plus a very explicit 
description of the light subcategory ££ = 7 '. We write J£ YM (SU(2)) for the light category 
Tkv of the canonical algebra Kr = ^(0), i.e. for the light category of pure SU{2) SYM. 

Note that X G T is indecomposable implies &(X) is a (possibly zero) indecomposable 
in ^ YM (SU{2)). If <3(X) is a non-zero indecomposable in the tube ^ M (SU(2)), from 
the relations of ^(k) we get 



Va: JJ^ = A a l + /iaJ(C) (3.33) 

a 

where (Ai : fii) = (1 : 0), (A 2 : /U 2 ) = (0 : 1), and J(() is the Jordan block of eigenvalue 
(. Hence, for generic ( G P 1 , all Yla^ are isomorphisms, and, the representation X being 
irreducible, each arrow ip must be an isomorphism as well. Then there is precisely one 
simple object in the category 7^ which is mapped by £f into the brick representation of the 
W^-family parameterized by the generic point ( G P 1 , namely 

Cj C j Ca. (3-34) 



Precisely at the k special points (^ = (— A a : ji a ) G P 1 , the map Yla^P ^ ans ^° ^ e an 
isomorphism, and we get additional brick representations, which correspond to k matter 
sectors which we shall discuss momentarily. 

In conclusion, we see that, for £ G P 1 \{C < - 1 - ) , • • • , C^}> the subcategory J2£ = 7^ coincides 
with the pure SYM one, J£ YM (SU(2)), i.e. is a homogeneous stable tube. 

3.1.4 The matter category add(rigid bricks) 

At the special point (£(°) : 1) = (— A a : /i a ) in P 1 , Yla^ becomes nilpotent (while Yl b ip 
remains an isomorphism for b ^ a). 

In JS^(a) there is obviously an indecomposable representation of the form (we draw the 
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case a = 1) 



>0 >0 > >0 



s\ 



(i) 





(3.35) 



S[ is a brick, End(S'j ) = C, and also rigid Ext 1 (S'} a , S[ a ) = 0. S[ is a simple object 
of the (sub)category 7^) = Sf^ a ), and hence is automatically stable in all weakly-coupled 
chambers. Being rigid, .5} represents a matter BPS hypermultiplet, belonging to the 
non-homogeneous tube T^ a ). 

As discussed in [41] [38] the Auslander-Reiten translation r is an autoequivalence of the 
category 7^(a>; then if X is a rigid simple so is tX. Moreover, one has dim(rX) = $ dimX, 
with $ the Coxeter element. Hence there are rigid simple objects in Tna) having dimension 
vectors 



$* dirndl 



(a) 



(3.36) 



for all l G Z, a = 1, . . . , n a . 

One easily checks that Q £ dimS{ a is periodic in £ with period n a . Therefore there are 
n a non-isomorphic simples in 7^(<o, namely t^~ 1 S[ , j = l,...,n a . Besides the one in 
eqn.(3.35), the other n a — 1 simple representations have the form 



(i) 



J i+1 





(3.37) 
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with a single C at the i-th position along the a-th path £ a . It is clear that these are the 
only other simple objects in 7^(<o besides S[ (they are mapped to zero by 5f and belong 
to the tube %{a) since S{ does). 



LetS 



(a) 



-1 c( a ) 



S{ be the simples in a tube 7^(<o of period n a . The tube is precisely the 



7 (o) 



minimal subcategory containing all the S> which is closed under direct sums and exten- 
sions. However, we are presently interested in an even smaller subcategory -- not closed 
under extensions — namely the matter subcategory matter^) of the non-homogeneous tube. 
The tube 7^(<o is larger than matter^); in particular, it contains also a representation Y in 
the closure of the P 1 -family associated to the VT-boson, which is a non-rigid brick. Matter 
- consisting of spin < 1/2 states — corresponds to the representations in 7r(<o which are 
rigid bricks, and the matter subcategory we are looking for is then 22 add (rigid bricks), that 
is, the full subcategory of 7^(<o whose objects are direct sums of the rigid bricks of 7^(<o. We 
have 

Proposition [41]. An indecomposable representation X in a periodic tube is a rigid 
brick iff dim X < 5, where 5 = (1, 1, • • • ,1). 

Let us consider then the matter category add (rigid bricks). The Gabriel quiver of this 



matter category has one node associated to each simple S\ 

-r(a) c (o) 



(a) 



1,2, 



,n„ 



while nodes 



i,j are connected by dim Ext 1 (<%• , Sj ) arrows. Since r is an equivalence, one has 



dimExt 1 ^,^) 



timExt 1 (T r S$ a) ,r r S<i a) ) 



dim Ext 1 (s;^,^; 



(3.38) 



so dim Ext 1 (5/, Sj ) depends only on i — j mod n a . From the figure (3.37) it is obvious 
that 



h l/r.( a ) o( a ) 



dimExt l (S ( i a) ,S) a> ) = 5^ +l . 



(3.39) 



Hence the matter quiver is given by a single oriented cycle of length n a , that is, by the 
affme quiver A(n a , 0). E.g. for n a = 8 one gets 





<j> 7 



4>:i 



(3.40) 





<t>5 



Again, see appendix A.l for notation. 
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However this is not the end of the story. The category nil(A(n a , 0)) of the nilpotent repre- 
sentations of the quiver A(n a , 0) corresponds to the full periodic tube of period n a . We are 
interested in its subcategory add (rigid bricks). The indecomposables in add (rigid bricks) 
satisfy dim X < 5 = ^7 dim S> . Then, in all indecomposable representation X E 
add (rigid bricks) -- seen as representations of (3.40) --at least one of the vector spaces 
Xi , % — 1, . . . ,n a , should vanish. Say, Xi = 0. The two arrows ending and starting at 
the io-th node also vanish. Hence: the category add (rigid bricks) is given by direct sums 
of indecomposable representations of the quiver A(n a , 0) with at least two arrows equal to 
zero. This last requirement is equivalent to the relations dW = for W the product of all 
arrows in the cycle, 

W = Tr[0 Tta 0„ a _ 1 ---0 2 1 ]. (3.41) 

The algebra CA(n a ,0)/dW is a self-injective Nakayama algebra [50] which is derived 
equivalent to the hereditary algebra CD Ua , which corresponds to the Argyres-Douglas 
model of type D ria . Indeed, it is well-known that the quiver A(n a , 0) with the super- 
potential (3.41) is mutation-equivalent to a D Ha Dynkin quiver. 

Thus we have shown that the insertion of a non-homogeneous tube of period n a > 2 
at a point (^ E P 1 means that the SU(2) SYM is coupled to a matter subsector which is 
a D na Argyres-Douglas system. This picture is physically consistent, since these M = 2 
systems have a SU(2) global symmetry which may be gauged. 

A particular case occurs when n a = 2. As we have already anticipated, this is equivalent 

4> 
to a doublet of free hypermultiplets. Indeed, in this case we get the Gabriel quiver • < > • 

V 

with superpotential Tr[?/>0]. The relations dW = set both arrows to zero, leaving the dis- 
connected quiver • • , corresponding to two copies of the free hypermultiplet. By the 
same token, for n a — 1 the matter subcategory is trivial, but not the full light subcategory 
Sf^a), which is a homogeneous tube. 

Note that the D na , n a > 2 Argyres-Douglas systems have several BPS chambers with 
different spectra. Correspondingly, the canonical 577(2) gauge theory with n a > 2, i.e. with 
non-Lagrangian matter, has several inequivalent weakly coupled BPS chambers. 



3.2 The tubular case and S— duality 

The charge vector S of the canonical H^-boson of a x ¥" canonical algebra, has the 
following characterization. Consider the Tits quadratic form q(a) = (a,a)E on the charge 
(dimension) lattice I\ The isotropic elements 

(7 € T g(7) = 0J=radg (3.42) 
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form a sublattice radg C T called the the radical of q. If x ¥" 0> the radical has rank one, 
and all its elements are of the form n8, the canonical W^-boson charge vector S being the 
primitive element of the radical sublattice [35] . 

On the contrary, when the canonical algebra has vanishing Euler character, x — 0, the 
radical lattice has rank 2. Physically, the x = canonical algebras, called tubular algebras, 
correspond to UV superconformal theories whose most spectacular property is S-duality. 
The basic example is SU(2) SQCD with 4 flavors [2], or D 4 in the Lie theoretical notation. 
In fact, as we are going to explain, S'-duality is a consequence of the enhanced rank of rad q. 

The representation theory of tubular algebras is well-understood thanks again to Ringel 
[35]. There are four such canonical algebras, corresponding to four of the five SU(2) su- 
perconformal theories, see eqn.(3.2). They are the canonical algebras of types k equal 
to 

{2,2,2,2}, {3,3,3}, {2,4,4}, {2,3,6}. (3.43) 

Their completed quiver [3] is the Dynkin graph of the elliptic root systems [51] of the types 
listed in eqn.(3.2). These root systems have a rank-two lattice of isotropic imaginary roots, 
and they are the root systems of the corresponding toroidal Lie algebras [52]. For the rela- 
tion between the representation theory of a tubular algebra and that of the corresponding 
toroidal Lie algebra, see ref. [53]. 

Explicitly, for each quiver Q(k), with the set k as in eqn.(3.43), one considers the two 
full subquivers, Q(0) and Q(oo), obtained by deliting the node 6 and, respectively, <). 
The subquivers Q(0) and Q(oo) are both affine Dynkin stars of type D4, Eq, £7, and E$, 
respectively. Let 5q and <5oo be the minimal positive imaginary roots of the affine subquivers 
Q(0) and Q(oo). 5q and 5^ belong to radg, and are obviously the dimension vectors of 
two one—parameter families of bricks which, in suitable chambers, are stable BPS vector 
multiplets. One has 

{Sa,S b )e = -{Sb,S a )e = K€a,b, A, B = 0,oo, K^O. (3.44) 

Therefore any vector v of the form p So + q S^ (p, q G Q) has the property q(v) = (v, v)e = 0, 
and the integral such vectors form a rank 2 lattice rad q equipped with the symplectic form 
(3.44) on which the group SL(2, Z) naturally acts. 

It is natural to identify this SX(2, Z) with the S'-duality group of the superconformal 
SCFTs. Choosing a duality-frame is then equivalent to choosing a point in the orbit of 
SL(2, Z), namely an element p/q G Q + which we use to define the magnetic charge m p / q (-) 
in the chosen duality-frame (consequently introducing a duality-frame-dependent notion 
of weak-coupling). Up to overall normalization, we have 

m p/q (X) = (pS + q8 00 , dim. X) E . (3.45) 
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Then the basic result on the representation of tubular algebras [35] may be rephrased as 
follows: for p/q G Q + let 7~ p / q be the light category in the weak-coupling limit defined by the 
above duality-frame, i. e. the additive category generated by the indecomposable X 's with 
m p / q (X) = 0. Then 

T p/q = \/ &<> (3-46) 

CeP 1 

where for generic ( the category ££^ is a stable homogeneous tube, while at 4 (or 3) special 
points C,^ G P 1 the stable tube J^w has period n a , where n a are the 4 (or 3) integers in 
eqn.(3A3). The tube structure defines for each p/q G Q + a gauge functor with the desired 
properties. 

Stated differently, for each given S-duality frame we find exactly the expected 'pertur- 
bative' spectrum, but the full theory contains infinitely many copies of this 'perturbative' 
spectrum, one for each S'-duality frame (actually, the category of representations of the 
canonical algebra does not contain the full SL(2, Z) orbit: indeed, it is only a 'piece' of the 
physical theory. To get the full SL(2, Z) story one has to go to the full derived category 
which is known 23 [54] [55], or even better to the cluster category (which is also known [56]). 

Alternatively, one can use the derived equivalent picture that the non-perturbative 
category is CohX(/t), where X(k) is the weighted projective line of type as in eqn.(3.43). 
Then S'-duality is equivalent to Theorem 6.16 of the nice review [58]. 

Of course, the resulting structure is exactly what is expected on physical grounds by 
the combined effect of S-duality and asymptotic weak-coupling analysis. 

The important lesson for our present purposes is that, in general, a quiver M = 2 
theory may have many different limits in which it asymptotes a SYM weakly coupled to 
some matter system. In the favorable cases, for each such limit there is a nice gauge functor. 
If the theory has a large S-duality group, the gauge functors organize themselves into orbits 
of this duality group, producing a very elegant structure. 

3.3 Making physical sense of wild canonical algebras 

Wild canonical algebras have Euler character x < 0, which means a Landau pole for the 
corresponding QFT. Hence wild canonical algebras represent formal field theories which 
do not exist at the quantum level because they are not UV complete. Of course, we may 
still use them as effective field theories at energies less than a certain cut-off scale A. On 
the other hand, the (stable) representations of the wild canonical algebras make perfect 

23 In particular, in ref. [54] it is shown that the derived category of a tubular algebra is equivalent to the 
stable module category mod C of a certain algebra C. This category has the same objects as modC whose 
explicit form is given on page 165 of that reference: it is equal to V-veo ^7' wnere Ty is a P — family of tube 
of type k = {2, 2, 2, 2}, {3, 3, 3}, {2, 4, 4}, or {2, 3, 6}, respectively. 
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sense (even if they are hard to study). We can think of this representation theory as a 
particular 'UV completion' of the corresponding effective theory. We want to understand 
the properties of such a completion. 



3.3.1 Ringel's property again 

At first sight, one is tempted to say that the wild S77(2)-canonical theories do not exist at 
the quantum level, and just forget them. However this is too naive. Consider the canonical 
algebra of type {2, 2, 2, 2, 2}, which is SU{2) SQCD with N f = 5, whose quiver (after 3-CY 
completion) is 



(3.47) 




This model has a /^-coefficient b = 2N C — Nf 
compare (3.47) with the quiver 



— 1, and hence a Landau pole. Let us 



o i 




(3.48) 



which corresponds [5] to SU(3) SQCD with Nf = 5 (up to mutation at the nodes •). Now 
b = 2N C — Nf = +1 and the QFT is asymptotically free, hence physically well defined. It 
is pretty obvious that the representations of the quiver (3.47) are, in particular, represen- 
tations of (3.48). Thus the representations of the first quiver give the UV completion of 
the 577(2) Nf = 5 SQCD corresponding to embedding this theory in S77(3) SQCD with 
an adjoint Higgs background ($) breaking S77(3) — > S77(2) x U(l) in the regime of ($) 
parametrically large. Note that ($) — ¥ oo corresponds to the decoupling limit \Z \ — > +oo. 
The stable representation of (3.48) which have bounded mass in this limit are precisely the 
stable objects of the category of representations of (3.47). 

Clearly, this argument applies to all Nf by embedding the canonical algebra of type 

Nf terms 



{2, 2, • • • , 2, 2}, that is S77(2) SQCD with Nf flavors, into the quiver algebra associated to 
some SU(N C ) SQCD with N c > N f /2. 

In order for this interpretation to be coherent, we must have that the BPS states of the 
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quiver (3.47) (and its generalization for higher Nf) which in the decoupling limit g — ¥ have 
bounded masses are well-behaved, while all wild representations of (3.47) should correspond 
to states of masses 0(1/ g 2 ) as g — > (i.e. they must correspond to solitons of the QFT). 

The BPS states with masses 0(1) in the g — ¥ limit are precisely those with magnetic 
charge zero, m(X) = 0, that is -- in Ringel's notation -- those belonging to the module 
class T. Then the content of the above physical consistency requirement is precisely the 
statement in Remark 2. on page 166 of Ringel's book [35]. Due to its importance we 
reproduce the remark here 

Remark 2. It seem curious that for a canonical algebra C, the module class 
T is always very well behaved, whereas the two classes V and Q may be wild. 
The representation type of both V and Q very much depends on the type of C. 



In facts the module classes V, Q — which correspond to the dyons (= solitons) -- are 
well-behaved if and only if C is either concealed Euclidean, that is the QFT is asymptot- 
ically free, or tubular, that is the QFT is UV superconformal. This corresponds precisely 
to the predictions of Quantum Field Theory. We see that Ringel's 'curious' phenomenon is 
a direct consequence of locality of the microscopic forces of nature. 

On the other hand, this argument shows that the solitonic (dyonic) sector of a quiver 
gauge theory with a gauge group which is not a product of copies of SU(2) is typically 
strictly wild, that is, it contains BPS particles of arbitrarily high spin. Indeed, the spectrum 
of 2N C > N f > 5 SQCD will contain the strictly wild spectrum 24 of the {2,2,2,2,2} 
canonical theory, and then will have stable BPS states (at weak coupling) of arbitrarily 
high spin. This was shown directly in [5] . An alternative characterization of the complete 
theories of ref. [3] is the non-wildness of the BPS spectrum in all chambers. 

Further examples of the Ringel property in non-UV complete theories are discussed in 
§. 4.5 below. 

3.4 Digression: decoupling and controlled subcategories 

A basic method used to extract the physics of M = 2 models is to take a decoupling limit 
to reduce to a simpler system. The typical examples are taking a mass parameter mora 
Higgs background ($) to infinity, and sending a YM coupling constant g to zero. In all 
these examples a subsector of the theory decouples from the rest, and we remain with a 
simpler QFT. 



24 Here a caveat is in order. For N c > 2 the theory is not complete in the sense of [3] and the above 
chambers may be formal (not physically realizable [3] ) . 
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If both the original and the decoupled QFTs are quiver M = 2 theories, it is natural to 
ask what is the relation between the Abelian categories of the representations of the two 
quivers (or, rather, their derived categories). We have already encontered examples of this 
decoupling at the level of categories in the form of the Ringel decoupling as g — > 0. Here we 
digress from our main theme to formalize the categorical version of the standard decoupling 
theorems of QFT. 

Let A: Ko(rep(Q, W)) — > Z be a group homomorphism from the charge lattice to Z. 
Let C(A) C rep(Q, W)) be the full subcategory consisting of the objects X of rep(Q, W) 
satisfying the two conditions 

(i) \(x) = o, 

(ii) A(F) < X(X) for each subobject Y of X. 

C(A) is called the subcategory controlled by A. It is easy to see [57] that the full subcategory 
C(A) is exact Abelian {i.e. closed in rep(Q,W) under kernels, cokernels and directs sums) 
as well as closed under extensions. 

In the present context, all QFT decoupling theorems correspond to replacing the cat- 
egory of the original theory rep(Q, W) (or, more precisely, its derived category) with the 
(derived category of) the controlled subcategory for a suitable choice of A. The decoupling 
limit is defined by considering the 1-parameter family of central charges 

Z t {X) = Z (X) - t A(X), t e R, (3.49) 

and taking the limit t — > +oo. 

The decoupling limit of small YM coupling we introduced in the previous section, see 
eqn.(3.20), corresponds to taking A equal to the magnetic charge m(-) and the category 
C(m(-)) is equal to T. The limit of large mass m — > oo is typically given by taking A equal 
to the dimension at the node representing the quark, so that C(A) is the category of the 
representations of the full subquiver with that node deleted; etc. 

What is important is that the decoupled subcategory is as nice as it may be. This 
corresponds to the obvious physical fact that the decoupling limit theory is a good QFT of 
its own. 
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4 The Ringel property for general complete theories 

In this paper we mainly consider the case in which the gauge group G is simple; nevertheless 
one wishes to understand also the case of a general semi-simple gauge group 

G = Gi x G 2 x • • • x G s . 

In this section we present a discussion of the new phenomena that appear in the general 
case trough the example of complete theories. 

4.1 Gentle algebras and WKB methods 

The simplest instances of gauge theories with a non-simple gauge group are the complete 
theories [3]. Their gauge group has the form G = SU(2) k with k G N. The quiver with 
superpotential (Q,W) of a complete theory -- but for 11 exceptional models [3] - - arises 
from an ideal triangulation of a surface E having punctures and marked points on its 
boundary components [59,60]. The surface S is obtained from the Gaiotto curve [31] of 
the corresponding ^-theory by replacing irregular poles of the quadratic differential 02, 
having order c + 2 > 3, by boundary components with c marked points [3]. 3 out of the 
11 exceptional cases have no SYM subsector [3], and 6 are SU(2) canonical models (3 
domestic, 3 tubular) already described in section 3. The last two exceptional complete 
models, corresponding to the Derksen-Owen quivers X 7 and X 6 [61], are easy to study 
directly. 

It is convenient to start with a special class of such Gaiotto Ax-theories, namely those 
defined by a genus g surface with only irregular punctures, and at least one such punc- 
ture. The corresponding (Q, W) arise from the triangulation of a surface with at least one 
boundary component and no (regular) puncture. 

4.1.1 The Assem Briistle— Charbonneau Plamondon theorem 

A finite-dimensional algebra &/ is called a string algebra [39] iff it has the form CQ/I 
where: 

51 each node of the quiver Q is the starting point of at most two arrows; 

52 each node of the quiver Q is the ending point of at most two arrows; 

53 for each arrow a in Q there is at most one arrow /3 with a(3 ^ /; 

54 for each arrow a in Q there is at most one arrow (3 with (3a £ I; 
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S5 the ideal / is generated by zero-relations. 

Every string algebra is, in particular, special biserial and tame. Physically, tame means 
that the BPS spectrum consists only of hypermultiplets and vector-multiplets, higher spin 
states been forbidden. The meaning of biserial would be clear below. 

A gentle algebra is a string algebra where the ideal I may be generated by zero-relations 
of lenght two (i.e. involving just two arrows). 

Theorem. (Assem-Briistle-Charbonneau-Plamondon [62]) Let (Q, W) be a quiver with 
superpotential corresponding to a Gaiotto A\-iheory with only irregular punctures and at 
least one such puncture. Then the Jacobian algebra &/ = CQ/(dW) is gentle. 

Thus for such an 'irregular' Gaiotto theory the BPS states are stable modules of a 
gentle algebra. The good news is that the indecomposable modules of a gentle algebra are 
explicitly known [39]. Moreover, they can be constructed in terms of WKB geodesies [62,63] 
in agreement with the physical analysis of Gaiotto-Moore-Neitzke [32] (see also [4]). 

4.1.2 String and band modules 

A string algebra has two kinds of indecomposable representations [39] : 

1. string representations, which have no free parameters; 

2. band representations which come in one-parameter families. 

By a string C we mean a generalized path in the quiver Q where we are allowed to 
pass from one node to another one either following an arrow connecting them or going 
backwards such an arrow. We write a string as a sequence of nodes connected by direct or 
inverse arrows, i.e. in the form 

C: i i i 1 > % 2 > i n -i< H, (4-1) 

where the nodes in the sequence are labelled as {i ,ii,i 2 ,- ■ ■ ,ie} and the direct /inverse 
arrows as {(f) ai , Q2 , • • • , 4> ae }- A string is not allowed to contain: 

CI adiacent direct /inverse arrow pairs, as • • • % — > j < — % ■ ■ ■ or • • • % < — j — > i • • • ; 

C2 adiacent pairs of (direct or inverse) arrows whose composition vanishes by the relations 
<9W = 0. 
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A string C is identified with its inverse C x (i.e. the string obtained by reading C 
starting from the right instead than from the left). 

Given a string C of length £ + 1, the corresponding string module M(C) is obtained in 
the following way. For each vertex v of Q let 

I v — {a | the o-th node in the string C is v } C {0, 1, 2, • • • , £}. (4.2) 

As M(C) V we take the vector space of dimension #I V with base vectors z a , a G /„. We 
define 

M*o) = ^«+i 0a a is direct 

W(^a+i) = 2; a 0a a is inverse 

Finally, for all arrows 7 and vectors z a such that 7(z a ) is n °t of the form in (4.3), we set 

l{z a ) = 0. 

Physically, a string module corresponds to a open WKB trajectory [32] on the Gaiotto 
surface of the theory, see [62,63] for the explicit construction of the string module out of 
the WKB geodesic and viceversa. 

A band is a cyclic sequence C of nodes of Q and direct/inverse arrows, again forbidding 
sequences as in CI and C2 above. Moreover, C is required to be such that all powers C n 
are well-defined (cyclic) strings, but C itself is not the power of a string of smaller length. 
C is identified up to cyclic rearrangement and overall inversion. 

Given such a band C of length £, we define a family M(C, X,n) of indecomposable band 
modules labelled by an integer n > 1 and a point A G C*. Explicitly, we set 



M(C,\,n) v = ®Z a , (a = l,2,...,. 



a£l v 

where the Z a 's are copies of C ra , and 



'Of 



0, 



a, 



: Z a ->■ Z a+1 (fi aa direct a/f 
z a 

: Z a+ i ->■ Z a aa inverse a 7^ 

: Zt > Z\ 6 a . direct 

: Z\ > Ze <p at inverse 

Zi 



(4.4) 



where J(X) is the n x n Jordan block of eigenvalue A 7^ 0. All other linear maps which are 
not defined in (4.4) are set to zero. 

The above string and band modules give a complete list of indecomposable (and pairwise 
non-isomorphic) ^-modules [39]. Note also that a brick has necessarily n = 1 since 
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J(A) G End M(C, A, n) is non trivial for n > 2. 

A family M(C, A, 1) of representations is associated to a primitive 25 homotopy class of 
closed WKB gedesics on S. Hence the theorem of ref. [62] just says that the WKB analysis 
is exact in the present context (a fact which is, of course, physically obvious, see [32]). 

4.2 Example of SU(2) S gauge functor 

As a first relevant example, let us consider SU(2) 3 SYM coupled to a three-fundamental 
half-hypermultiplet |(2,2,2). This is the 'irregular' Gaiotto theory on the sphere with 
three boundary components each with one marked point. In the decoupling limit this models 
contains the sphere with three ordinary punctures, namely the Gaiotto 72 theory [31], which 
is the main building block of the complete theories. This motivates our detailed discussion 
of this theory. The reader may prefer to skip the example and jump ahead to the general 
gentle case in §.4.3. 

This model is 'canonical' in the broad sense of §.2.4. The canonical form of its quiver 
is the Z 3 -symmetric 'triangular prism' form Q 



1,2 




(4.5) 



with superpotential 



W = Tr(#iiy 3 #2) + Trih^h). 



(4.6) 



Note that all the vertical arrows Vi point upward and that each (vertical) face of the prism 
is an A(3, 1) afline (full) subquiver. 



For each face of the prism Q we have a restriction functor 



&i : mod si ->■ mod CM(3, 1) 



1,2,3, 



(4.7) 



25 By primitive homotopy class we mean a class which is not a non-trivial integral multiple of an integral 
class. Note also that the identification C -H- C _1 corresponds to the fact that the WKB geodesies have no 
orientation due to the Z2-monodromy of the differential \/4>2. 
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which composed with the gauge functor of the A(3, 1) canonical theory, 5f : mod A(3, 1) — > 
mod Kr, gives a SU(2) gauge functor. The full 577(2) 3 gauge functor <3 is 

: mod sf -> (mod Kr) 3 (4.8) 

X .— ► (^i(X), && 2 (X), y&z{X)) (4.9) 

which preserves the three magnetic charges 

mi(X) = dimX 2 , i -dimX 1)i , f = 1,2,3. (4.10) 

dual to the W^-bosons associated to the imaginary roots of the three affine subquivers. The 
corresponding weak-coupling regime is given by 

argZ(l,i) = 0(gt), a,rgZ(2,t) = n-0(g*) (4.11) 

where <7i,<72,<73 — > are the three YM couplings. 

We write =5^ : mod CA(3, 1) —¥ mod =c/ for the extension by zero of a representation of 
the i-th affine subquiver. 

The light category of the |(2, 2, 2) model in the weak coupling regime (4.11), ,£?, is the 
controlled subcategory of mod srf consisting of objects X such that rrii(X) = for i = 1,2,3, 
while for all their subobjects Y one has rrii(Y) < 0. All BPS states which are stable and 
light at weak coupling correspond to brick representations in Jzf . 

Let X 6 if be an indecomposable; for each j = 1,2,3, J£j(X) is a representation of 
A(3, 1) which, by the theorem quoted on page 25, may be decomposed as follows 

&j{X)=X p @X q @X t (4.12) 

where X p G V , X q G Q, and X t G T = Vagpi 7a- ^ n f ac t? one nas the more precise result 

Lemma. X G if and indecomposable. For each j = 1,2,3 i/iere is a pomi Aj G P 1 
swc/i that 

^(X)eT Xj . (4.13) 

Moreover, if JPj(X) G 7aj w£/i Aj 7^ 0, X is the extension by zero of an indecomposable 
representation of the j-th A(3, 1) subquiver. 

Proof. We have to show that in eqn.(4.12) X p = X q = 0, while X t G 7a for a unique 
A G P 1 . We show first X p = 0, the argument for X q = being dual. 

Consider, say, the A{3, 1) subquiver over the vertices (1,1), (1,3), (2,1) and (2,3) of 
figure (4.5). Recall that, for a canonical algebra like CM(3, 1), a module Y G V iff all arrows 
are injective and not all isomorphisms [35]. In particular, the two horizontal arrows in our 
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A(3, 1) full subquiver are injective when restricted to X p . Since the relations dW = imply 
that the composition of any two horizontal arrows, Hi, hi, vanishes, we get 



Xi,. 



A'n 



C cokerifi, 



-^2,1 



C coker/i 



X-o 



3- 



Hence we have an exact sequence of the form 



(4.14) 



(4.15) 



where X v stands for the representation X p of the subquiver A(3, 1) extended by zero to a 
representation of full quiver (4.5). Now 



mi(X) = dimX^ 



A' i, 



dim X2 1 



A' , , 



while 



^ x p e V 



and hence X v 7^ implies 



dimXii 
rm(X) > 



X v 



> dim X 2 1 



X-v 



(4.16) 

(4.17) 
(4.18) 



which is a contradiction since X e «Sf . 

Next let us show that J^(X) G 7a for some A. Let 



,-pO = x Al ©x. 



A 2 



^A S 



Xa, 6 Tx 



(4.19) 



with the A r pairwise distinct points in P 1 . We have to show that s — 1. Suppose on the 
contrary that s > 1, then at least one point, say A s , is not the origin in P 1 . Restricted 
to X\ s , all arrows in the j-th face of Q are isomorphisms, in particular the two horizontal 
ones. Then, from the relations dW = it follows that the vector spaces 



X, 



X x 



C ker H (resp. C cokeri?') 



(4.20) 



where H (resp. H') stands for the horizontal arrow starting (resp. ending) at the i, k node 
and not belonging to the j-th face full subquiver. Hence we have 



x = x'®y J (x Xs ) 

with X' ^ 0. Again this is a contradiction since X is indecomposable. 



(4.21) 

□ 
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4.2.1 SU(2) 3 ~tuhes for the |(2, 2, 2) theory 

From the lemma we have a well-defined map 

to: { indecomposables of Jgf } — >■ P 1 x P 1 x P 1 (4.22) 

which associates to X the labels (Ai,A2,As) of the stable tubes containing the regular 
indecomposable CM(3, l)-modules &i(X), ^{X), and %(X). From the lemma, we also 
see that, if the representation X has one label Xj ^ (j — 1, 2 or 3), then it is necessarily 
the extension by zero of a light stable representation of the j-th <CA(3, 1) subalgebra, and 
hence the other two labels of X must vanish. Thus the image of w is the reducible 'star' 

N = P 1 x {0} x {0} (J {0} x P 1 x {0} (J {0} x {0} x P 1 . (4.23) 

As an algebraic variety N has three irreducible components, namely the three P^s, and we 
have three generic points of N, one for each component. 

The S77(2) 3 -tube over the point A G N, J£\, is the subcategory generated by the 
indecomposable object X e =2f with zu(X) = A = (Ai, A2, A3). Then the light category has 
the form Jz? = \/ AeiV Jzf A , as expected on general grounds. 

Moreover the pairs of functors J^j, S?j give an equivalence 

A^0 =► ^a,o,o - ^o,a,o - ^o,o,a - T A , (4.24) 

that is t/ie SU(2) 3 -tube over each of the three generic points of N is an ordinary stable 
homogeneous tube. Since each irreducible component of A^ corresponds to a VF-boson - 
hence to a SU(2) subgroup of SU(2) 3 -- we get precisely the structured claimed in §. 2.1: 
the generic tube in a P 1 -family depends only on the simple gauge group Gk associated to 
that generic point, and hence for Gk = SU(2) it should be a standard homogenous tube. 

From the above discussion we see that the charge (dimension) vector of the j-th W- 
boson is equal to the primitive imaginary root of the j-th A(3, 1) affine subquiver. We 
write Sj for this dimension vector (j = 1,2,3). 

4.2.2 Relations with band modules and WKB geodesies 

By the Assem-Brustle-Charbonneau-Plamondon theorem [62], the Jacobian algebra srf = 
CQ/(dW) of (4.5) is gentle, and the stable BPS vectors should correspond to band modules. 
The band modules are in one-to-one correspondence with the primitive homotopy classes 
of WKB geodesies [62]. Moreover, geometrically a weak coupling limit is a degeneration 
limit for the associated triangulated surface [31], and a module M(C, A, 1) is 'light' in the 
corresponding weak coupling limit precisely if the length of the corresponding geodesic goes 
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Figure 2: The ideal triangulation of the sphere with three boundary components corre- 
sponding to the 'prism' quiver (4.5). The arcs of the triangulation are the purple curves. 
The WKB geodesies corresponding to the three light stable £77(2) VF-bosons are draw in 
red. The corresponding bands C are given by the cyclically ordered list of arcs crossed by 
each WKB geodesic. 

to zero in that degeneration limit. In the present example £ is a sphere with three holes, 
and the degeneration limit gj — > corresponds to the limit in which the j-th hole contracts 
to a puncture. Then the three light vectors at weak coupling correspond to the three red 
curves in figure 2. 

We can read the three light bands directly from the figure 2. They are 



2,a^^>2,a + 2 >1, a + 2—^1, a a = 1, 2, 3, and a + 3 = a, (4.25) 

which coincide with the representations of the A(3, 1) affine subquivers of dimension 8j, as 
predicted by the canonical gauge functor (5. 

4.2.3 The §(2,2,2) light category 

With reference to the canonical quiver (4.5), the only 'new' £?7(2) 3 -tube, associated to the 
| (2, 2, 2) matter, is -2o,o,o, corresponding to the unique point in N where the three rational 
curves meet. Indeed, in general, if we have a gauge group of the form G = G\ x • • • x G s 
with Gk simple, the light subcategory will be of the form 

% = v ■&* ( 4 - 26 ) 

with iV a reducible variety with s irreducible components each equal to P 1 . Each generic 
point of a component is associated to a simple gauge factor Gk, and a subcategory ££\ may 
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contain representations corresponding to BPS matter charged under a plurality of gauge 
factors, say G^ , Gk 2 , • • • , Gk r only if the point A belongs to the intersection F\ fl F\ 2 D • • • D 
F\ of the corresponding irreducible components. In particular, in the present example, the 
three-fundamental half-hyper, being charged with respect to the three S77(2)'s, should lay 
in the category associated to the unique intersection point of the three lines. 

Let G N be the crossing point. As in the canonical examples of §. 3.1.4, the special 
light category «£? contains the matter subcategory 

matter = add (rigid bricks of JCq). 

Matter modules are, in particular, rigid bricks of stf ' . If X is a rigid indecomposable repre- 
sentation of the gentle algebra =2/, it should be a string module M(C), and, in particular, 
a nilpotent module. Define D to be the dimension vector D = (1, 1, 1, 1, 1, 1, 1). Using the 
string module construction, in appendix B it is shown the following 

Lemma. Let X G J2?o be indecomposable. Then 

End(X) = C ^^ dimX<3. (4.27) 

Note that for non-sincere modules this reduces to the usual characterization of bricks 
inside the stable tubes [41]. 

Thus a light indecomposable of Jz?o is a rigid brick iff its dimension vector is one of the 
following four 

|(<5i-<5 2 + <5 3 ) (4.28) 

l(-S 1 + 5 2 + 5^ (4.29) 

±(81 + 82-63} (4.30) 

l(8 1 + 8 2 + 8 3 ) =D (4.31) 

Adding the PCT conjugates, we get eight possible states which have charge vectors equal 
to the SU(2) 3 weights of the (2, 2, 2) representation, that is precisely the states of our 
three-fundamental half-hyper as predicted by physics. 

There is a (slightly) subtle point however: while the first three dimension vectors (4.28)- 
(4.30) correspond to a unique representation, which is stable in any weakly coupled chamber, 
there are six bricks with the charge vector D. The strings of two of them are represented 
in figure 3, the other four may be obtained using the automorphisms of Q. It is easy to 
convince ourselves that, in each weakly coupled chamber, precisely one representation with 
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Figure 3: The strings of two bricks with dimension D. All others are obtained from these 
two by acting with the Z3 automorphism of the prism quiver Q. 

dimension D is stable, which one of the six depending on the particular chamber. (We don't 
prove this here, since we shall give a general argument in section 6.3.3). 
Hence the 'naive' matter Krull-Schmidt linear subcategory 



matter = add (stable rigid) 



(4.32) 



is independent on the BPS chamber only up to equivalence, but its image in rep(Q, W) 
does depend on the (weakly-coupled) chamber. In facts for the class of models having 
a weakly coupled Lagrangian description, the BPS spectrum is the same in all weakly- 
coupled chambers, see §.6.3.3 for details. In particular, one gets the same light spectrum 
starting from any quiver in the mutation-class. But the chamber-independence should be 
understood as an equivalence not an equality. 

4.2.4 The naive category matter as Gaiotto's T2 theory 

Let X be an indecomposable representation of the gentle algebra &/ with X e ££§. The fact 
that JFj(X) G 7o implies that the vertical arrows Vj in (4.5) are isomorphisms. Hence we 
may identify upper and lower nodes in pairs, so that X may be seen as an indecomposable 
representation of the quiver with superpotential 



Q: 



o 4 




W = H Z H 2 H X + h 1 h 2 h 3 . 



(4.33) 
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The corresponding Jacobian algebra CQ/dW is not a string algebra any longer, because 
it is not finite-dimensional. However, since X e Jzfo, one has 

XjiiXhi, XH 2 Xh 2) and Xn 3 Xh 3 are nilpotent (4.34) 

which implies that X e nil(<5, W), the category of nilpotent modules of the Jacobian algebra 
CQ/dW. Indeed, the special light category J2? is given by the nilpotent modules 

Sf = n\\(Q,W). (4.35) 

The indecomposable objects of n\\(Q,W) are given by string and band modules, and we 
may interpret nil(<5, W) in terms of WKB geodesies on the three-punctured sphere [5]. This 
identification holds, in particular, for the stable rigid representations generating matter. 

Precisely the quiver (4.33) was shown in ref. [5] to correspond to the Gaiotto A\ trinion 
theory T 2 [31], namely the model obtained by compactifying the 6d A\ (2,0) theory on 
a sphere with three ordinary punctures. The theory 7~ 2 represents physically a free half- 
hypermultiplet in the (2, 2, 2) representation of a flavor SU(2) 3 group, so it is exactly the 
matter sector of our complete model with gauge group SU(2) 3 . 

So far so good. However, for the T 2 theory the relations on the quiver (4.33) follow from 
the superpotential [5] 

W = tfi/i! + H 2 h 2 + H 3 h 3 + #!#3#2 + hh 2 h 3 (4.36) 

and don't look the same as the relations inherited by the quiver (4.33) from the parent 
gentle algebra srf '. 

Is there a paradox? Not at all. The matter categories are just equivalent 

matter ~ matter^), (4.37) 

but, if we look at matter as an explicit subcategory of mod =2/, the form of the functors 
matter <=^ matter^) will depend on the chosen BPS chambers, just because of the subtlety 
mentioned at the end of the last subsection (which motivates us to define the matter 
category matter as the object class of rigid bricks rather than that of stable rigid bricks). 
This subtlety is relevant only for representations of dimension D. From the T 2 viewpoint, 
there is a unique such representation described in eqn.(6.10) of ref. [5]. From the SU(2) 3 - 
tube perspective there is one such representation per given (weak-coupled) chamber. E.g., 
in the BPS chambers in which the state of charge D is given by the string modules in figure 3 
the identifications between the tube horizontal maps Hi, hi and the T 2 maps Y iy Xi (notation 
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of [5]) are, respectively, as follows 

( H ± = X 3 + Y 1 Y 2 
H 2 = X 1 + Y 2 Y 3 
H 3 = X 2 

h! = Y 3 

h 2 = Y\ + X 3 X 2 

h 3 — Y 2 + X1X3 



( H x = X 3 + Y X Y 2 

H 2 = Xi 

H 3 = X 2 + Y 3 Y Y 
h=Y 3 

h 2 = Y\ + X 3 X 2 
h 3 — Y 2 -\- X\X 3 



(4.38) 



Since the SU(2) 3 symmetry and its gauging are manifest in the 5'?7(2) 3 -tube perspective, 
they cannot be explicit in the T 2 framework; then gauging in that formalism is rather subtle 
(see [5]). However the two viewpoints are equivalent and using one or the other is a matter 
of convenience. 

There is a third realization of the naive matter category: indeed a free half-hyper in 
the \{2, 2, 2) is just four free hypers which corresponds to the disconnected quiver • • • •. 
The objects are just direct sums of four copies of representations of the trivial A\ quiver • 
(equivalently, this is the tensor product D 2 \3D 2 ). 

The existence of many different quiver realizations of the same matter category, all with 
a transparent physical interpretation, may be seen as a novel class of M = 2 dualities. 

4.2.5 Other quivers in the mutation class 

The mutation class of the quiver (4.5) contains four quivers. Of course, the physics of the 
light states is independent of the quiver we use by the argument in §. 6.3.3. For the sake 
of comparison, we study the physics as seen from a non-canonical quiver. For instance, a 
second quiver in the class is 

1 5 



-+4 



(4.39) 
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Drawing the corresponding triangulation of the three-holed sphere, one sees that the three 
bands which are light in the hole shrinking limit are the obvious two associated to the 
VT-bosons of the Kronecker sub quivers (with dimension vectors Si, S 2 ) and 



(4.40) 
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with dimension vector 

5 3 = (1,1,2,2,1,1), (4.41) 

and dual magnetic charge 26 

m 3 (X) = -\5\B dimX = dimX 3 -dimX 4 . 

Besides the three IT-bosons the other light stable representations are string modules having 
dimension vectors 

(0,0,1,1,0,0), (1,1,1,1,1,1), (1,1,1,1,0,0), (0,0,1,1,1,1) (4.42) 

or 

\{5 3 - 6,-62), l(5 3 + 5 1 + 5 2 ), l(8 3 + 8 1 -S 2 ), l(8 3 -S 1 + S 2 ), (4.43) 

one representation per dimension vector being stable in each weakly coupled chamber (the 
actual representation which is stable depends on the chamber). The charge vectors represent 
a half-hyper in the (2, 2, 2) representation, as they should. 

Again we may write the Abelian light subcategory Jz? in the form 

AeTV 

where N is the configuration of three projective lines crossing at a single point. If A 
is a generic point on the /c-th P 1 component, 5£\ is the subcategory generated by all 
indecomposable representations of the form M(Ck,X,n), where C& is the corresponding 
band. This generic category is a stable homogeneous tube [39], in agreement with the 
universality of the gauge sector. If is the crossing point, J2?o is a non-homogeneous 
subcategory containing all the half-hyper states which are stable in some weak coupling 
chambers and all their extensions. 

The main point is that Jzfo - - which is the closure with respect to kernel, cokernels, 
and extensions of the Krull-Schmidt subcategory generated by the indecomposable objects 
(4.42) -- contains indecomposable representations with dimension vectors 5k, k = 1,2,3, 
which are in the projective closure of the family M{Ck, A, l)Aec*- In this sense, the point 
Ao does belong to each one of the three P 1 lines. As always, the notation J2? = \J ' XeN ££\ 
means that two objects X G ££\ and Y G =Sf M , with A 7^ /i are orthogonal in the sense 

Hom(X, Y) = Hom(F, X) = Ext 1 (A", Y) = Ext^Y, X) = 0. (4.44) 



26 Here and trough the paper B stands for the exchange matrix of the quiver, equal to the Dirac pairing 
in the basis of the simple representations Si of the quiver. 
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Figure 4: Two inequivalent degeneration of the g = 3, b = 2 surface: the surface is 
decomposed into 3-punctured spheres (blue), punctured disks (green) and infinitely thin 
cylinders (red). Each such maximal degeneration defines a weakly coupled regime. 



Physical consistency requires that 



D b (J? )~D b (j? 



canonical quiver 



iver/ ' 



(4.45) 



4.3 £f for general gentle J\f = 2 models 

The analysis for a general gentle M = 2 theory -- that is, a A\ Gaiotto theory [31] with 
only irregular poles and at least one such pole — is rather similar to the one in the previous 
subsection except for one important aspect: most of the examples considered so far have 
a canonical weak coupling limit for the YM sector. A general Gaiotto theory has, instead, 
many inequivalent weak coupling limits in one-to-one correspondence with the maximal 
degenerations of the surface E 9i b having genus g and b boundary components. Each such 
degeneration produces a different weakly coupled description which is related to the other 
ones by a generalized M = 2 duality [31]. Each weakly coupled regime corresponds to a 
limit in which £ 9i b degenerates into a collection of 2 (g — 1) + b spheres with 3 punctures and 
b punctured disks with q marked points on their S 1 boundary. The several punctures are 
connected in pairs by 3 (g — 1) + 26 infinitely long and thin plumber cylinders, the plumbing 
parameter of the j-th cylinder qj being related to the (complexified) square-inverse gauge 
coupling of the j-th SU(2) gauge factor, — itj by the formula qj = exp(27r«r ? -). See figure 4 
for an example. 

Therefore, for each such maximal degeneration of the surface £ 9i fc we have a light (de- 
rived) subcategory D b (J^). The various light subcategories are related to each other by the 
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dualities of the M = 2 theory. The simplest instance of these dualities being the SL{2, Z) 
action on the tubes of the (derived) module category of a tubular algebra, cfr. §.3.2, or of 
the models discussed in §§. 4.3.2 and 4.4.3 below. 

Choosing an ideal triangulation of E 9j ft defines an incidence quiver Q and a superpoten- 
tial W as in refs. [59,60]; two triangulations give mutation-equivalent pairs (Q, W). By the 
Assem-Briistle-Charbonneau-Pladmondon theorem [62] the algebra CQ/(dW) is gentle. 
The indecomposable modules are either string modules, which do not have free parame- 
ters, or band modules which come in one-dimensional families labelled by A G C*. Hence 
the BPS states are either hypermultiplets, which should correspond to string modules, or 
vector multiplets which correspond to the projective closure of a family of band modules 
M(C,A,1). 

For a general string algebra one has 

Theorem. (Butler -Ringel [39]) The band modules belong to a homogeneous tube. 

This result is already enough to guarantee that each light category J?f has the form 

% = \/ & ( 4 - 46 ) 

AeTV 

where N is a space which is the union of 3(g — 1) +2b copies of C* (one copy per light vector 
supermultiplet) together with finitely many closed points. Each (light) indecomposable X 
belongs to a unique Jz?a, and two indecomposable X G 3f\, Y G Jz? M are orthogonal in the 
sense (4.44) for A^/j. By the above theorem, the generic ££\ is a standard homogenous 
tube, as required by the universality of the gauge interactions. Thus the Ringel's property 
holds true for all gentle M = 2 theories. 

We may be more precise. From [62] Proposition 4.2 we know that the bands C are 
in one-to-one correspondence with the indivisible cycles in if^E^Z). A cycle 7 defines 
a band (7(7) which is light in the limit gj — > precisely if it can be represented by a 
WKB curve of vanishing length in the corresponding degeneration limit. Hence the light 
bands are the WKB geodesies wrapping once around each narrow plumber cylinder. The 
free parameter A G C* in the band module M(C(7),A, 1) may then be identified with 
the freedom of moving the curve 7 along the infinitely long cylinder which, as a complex 
analytic variety, is a copy of C*. In particular, the number of C* components in N is equal 
to the number of thin cylinders in E, i.e. 3(g — 1) + 26. 

Likewise, the string modules are in one-to-one correspondence with the homology class 
of open paths in E Sj 6 (not homotopic to an arc in the triangulation) [62] . Those of bounded 
mass in the limit g$ —¥ have vanishing length. Therefore, 
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1. if they correspond to matter charged under more than one SU(2), they should be 
localized in a 3-punctured sphere where the cylinders corresponding to those SU(2) 
group factors meet. As a particular case, two punctures of the same sphere may be 
connected by a long cylinder (as in the second figure 4), producing a line with a node 
where a second line may cross it. The light category 5£\^ over the the nodal crossing 
A^eiV corresponds to matter in the representation 3 © 1 of the SU(2) associated to 
the nodal curve (tensor the fundamental rep. of the other line SU(2), if present), see 
§.4.3.2, §.4.4.3; 

2. matter charged under a single 577(2) corresponds to WKB geodesies lying in a small 
punctured disk. A punctured disk with a marked points on the boundary corresponds 
to a a D c% Argyres-Douglas system [3]. In particular, for q = 1 we get back a 
homogeneous tube whose only function is to ensure the projective closure to the 
P^family. 

In conclusion: in the gentle case the light subcategory with respect to a given maximal 
degeneration limit of H g ^ has the form 

Aeiv 

where N is the reducible curve which is the degenerate limit of the Gaiotto curve E Si 6 itself, 
where the 3-punctured spheres are contracted to the crossing points \ a and the holes (i.e. 
irregular punctures) are contracted to smooth closed points Aj. The subcategories Jz?^ are 
stable tubes of period Pi > 1, where pi is the number of markings on the S* 1 boundary 
of the i-th hole 27 . The normalization of each connected component of N is a P 1 ; the J£\ 
over the generic point of each irreducible component is a homogeneous stable tube. The 
category over the intersection points X a of three distinct P 1 components is the closure with 
respect to kernel, cokernels and extensions of the |(2, 2, 2) matter subcategory of §. 4.2.4, 
while the category over a triple point which is a node of a P 1 component corresponds to the 
analogous Abelian category associated to a half-hyper in the representation |(3, 2)©|(1, 2) 
of S77(2) 2 , to be discussed in §. 4.4.3 below. 

This result gives a new 'categorical' interpretation of the Gaiotto curve and its degen- 
eration limits. For instance, in the examples of figure 4, N is the union of 10 P^s crossing 
at six points and having two marked points over which we put the stable tubes associated 
to the green punctured disks. 

Writing Pj for the irreducible component of N associated to the j'-th factor in the gauge 



27 Pictorially, the boundary looks like the mouth of the corresponding stable tube, the markings being 
associated to the regular simple reps. 
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group SU(2) x SU(2) x • • • x SU(2), we conclude 

X a string module corresponding to a light hyper 
charged under SU{2) h , SU(2) h ,■■■ , SU(2) jr =>- 

=> ieif Al with A g P J, n P •„ n • • • n P ■ . 

1 31 32 3r 

Concretely [4], the band representation M(C, A, 1) (resp. the string representation 
M(C)) is given as follows: draw on the degenerate surface H g ^ the ideal triangulation 
T whose incidence quiver is Q. There is a one-to-one correspondence between nodes of Q 
and arcs of T, as well as arrows % — > j and triangles having sides the arcs j, % in the same 
order (with respect to the orientation of E 9j &). The string C(7) associated to a curve on 
S 9i 6 is then just the sequence of nodes and (direct or inverse) arrows corresponding to the 
sequence of arcs and triangles of T crossed by 7. 

Using this rule, we easily construct the charge (dimension) vector of the representa- 
tion corresponding to the j-th VT-boson (namely the generic representation in the family 
M(C(7j), A, 1) with 7j a curve of vanishing length wrapping the j-th plumbing cylinder). 
Call 5j this vector. 

The magnetic charges rrij(-) (with respect to the duality frame associated to the par- 
ticular degeneration limit of £ Si & under consideration) are given by the Dirac pairing with 
the corresponding electric charge, that is 



2 



m 3 {X) = --8]B dimX, j = 1,2,. . . ,3(g - 1) + 26, (4.47) 



where B is the incidence matrix of the triangulation T, equal under the correspondences 

indecomposable modules < — > strings/bands < — > homotopy classes of curves 

to the intersection form in homology. The factor 1/2 in front of the RHS of (4.47) reflects 
the fact that the VU-boson has electric charge +2, so the charge vector corresponding to 
the unit electric charge is Sj/2. Then, a priori, rrij(X) G |Z, while, physically, we know 
that the correct charge quantization requires the map rrij : rep(Q, W) — > Z to have image 
precisely Z. This integrality property of rrij(-) gives a useful check on the identification of 
the VU-boson charges Sj. 

In particular 

mj(8i) = 0, (4.48) 

since the corresponding geodesies have well-separated supports in £ ffi &. Hence the above 
W-bosons are mutually local (as they should). More generally, a representation X may 
belong to the light category =Sf (for the given maximal degeneration) only if rrij(X) = for 



52 



all j's. 

Let C(7j) be the bands corresponding to the vanishing length geodesies i.e. to the light 
VF-bosons. The generic representation over Pj defines a representation of an affine quiver 
A n . (where rij + 1 is length of the band) with an orientation given by the sequence of 
direct/inverse arrows in C{^j). Let n + (resp. n_) be the number of positively (resp. nega- 
tively) oriented arrows in C( , ~fj); n + n_ ^ since the gentle algebra of a triangulation has 
oriented cycles only of length 3 which have radical square zero [62]. Then, in some sense, 
the W^-bosons of a gentle M = 2 model 'look like' those of the SU(2) model correspond- 
ing to the affine algebra associated to C(7j), derived equivalent to the canonical algebra 
CM(n + ,n_). In the next subsection we make this more precise. 

4.3.1 Bands vs. magnetic charges 

Given a maximal degeneration limit of the Gaiotto curve of a gentle M = 2 model, we 
have 3(g — 1) + 2b short WKB geodesies corresponding to 3(g — 1) +26 light bands 
C a , a = 1,2,... , 3(g — 1) + 2b, associated to the 3(g — 1) + 26 PF-bosons. Let 5 a be 
the corresponding charge (dimension) vectors. The dual magnetic charges are given by 
m a (X) = — | £* B dimX. In the gentle case the magnetic charges have a simple and illu- 
minating form. 

We write the bands C a as a cyclic sequence of nodes j{k) e Q (k = 1,2, ... ,£ with 
j(k + £) = j{k)) separated by direct /inverse arrows; we number the arrows of C a so that 
the /c-th arrow is the one between the nodes j(k) and j{k + 1) in the sequence. We say 
that the node j(k) G Q a 'sink in C a ' (resp. a 'source in C a ') if it is a sink (resp. a source) 
of the resulting affine quiver, that is, if the (k — l)-th arrow is direct and the /c-th one is 
inverse (resp. if the (k — l)-th arrow is inverse and the fc-th one is direct). Then 

m a (X) = J2 dimX j(k) ~ J2 dimX iW- ( 4 - 49 ) 

k: j(k) is a k : j(k) is a 

source in Ca sink in Ca 

To see this, notice first of all that whenever Supp dimXflSupp 5 a = 0, one has m a (X) = 
0. Indeed, take X to be the simple S(i) with i (£ Supp5 a . Let Oij(fe) be the signed number 
of arrows from node i to node j(k) (a negative number meaning arrows in the opposite 
direction). By definition, 

m 

m a (S{i)) = \^a i>m . (4.50) 

fe=i 

Fix k. The possible values of a«,j(fc) are ajj(fe) = —2, —1, 0, 1, 2. If a^j(k) = —2 (resp. 2), j(k) 
must be a sink (resp. a source) in C a . Using the fact that the Jacobian algebra CQ/(dW) 
is both 3-CY complete and gentle, we see that locally we must have a configuration of the 
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form 



J(k 




(4.51) 



j(k + l) 



i.e. Oij(jk_i) = Oij(jk + i) = 1, Ojj(fe) = —2, which gives a total contribution zero to m a (S'(i)). 
Likewise, if a«j(fc) is —1 (resp. +1), j(&) cannot be a sink or a source in C a , and the definition 
of a band together with the 3-CY completeness implies a configuration like 



j(k 




(4.52) 



(resp. its dual) which again gives a vanishing total contribution to m a (S(i)). □ 

Thus m a (S(i)) ^ requires ? = j(k) for some A;. If Q is simply-laced, eqn.(4.49) follows. 
If it is not simply-laced, we have to work a bit more. Suppose, say, that i = j(k) is the source 
of a Kronecker subquiver of Q while it is not a sink in C a . Since a Kronecker subquiver 
should be attached to j(k — 1) by an oriented triangle [3], we must have a configuration of 
the form 



j(k-l) >i=j{k)=tj(k + l) 



(4.53) 



where the solid arrows correspond to arrows that certainly are in C a , while the other 
(possible) arrows of Q are dashed, and we used 3-CY completeness and gentleness to 
restrict the configuration in the vicinity of a Kronecker full subquiver. From the rules for 
forming bands, we infer that the arrow going out from the sink of the Kronecker subquiver 



which is in C a is the curved one, that is 



j(k - 1) = j(k + 2) >i = j(k) ^^j(k + 1) 



(4.54) 



and this local configuration contributes zero to m a (S(i)). The same argument work for i 
the sink of a Kronecker subquiver which is not a source in C a . This completes the argument 
for eqn.(4.49). In particular, m a (X) is always an integral form, in agreement with Dirac 
quantization. 

Formally, eqn.(4.49) suggests to associate to each light band C a and X G rep(Q, W) a 
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representation of the Kronecker quiver of the following form 



X j(k) 



4 



X j(k) 



(4.55) 



j(k) is a 
source in Ca 



j(k) is a 
sink in C a 



which preserves the magnetic charges. However, this construction is not really uselful since 
for a typical indecomposable X the resulting Kronecker representation is decomposable. 

4.3.2 Example: the g — b — c — 1 model 

As a further illustration, we consider the 'remarkable' M = 2 model of ref. [3] corresponding 
to the torus with one boundary component having a marked point. Cutting open the torus, 
we have the ideal triangulation in the figure 




(4.56) 



where the double line stands for the boundary of the surface and the bullet • denotes the 
marked point. With the labelling of arcs in the figure, the adjacency matrix reads 



B 



( 2-1 -l\ 
-2011 
1-10 1 
1-1-10 



(4.57) 
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corresponding to the quiver 




(4.58 



with the relations 



A X A 2 = A 2 A 3 
B1B2 = B2B3 



A 3 A ± = 
B 3 B 1 = 0. 



(4.59) 
(4.60) 



Using Keller's mutation applet [64], one checks that this quiver is unique in its mutation 
class. Folding the quiver along the curved arrow $, its relation with the 577(2) M = 2* 
quiver (§.4.4.3) gets obvious. 

In the (maximal) degeneration limit there are two short geodesies corresponding to the 
light VF-bosons. 71 corresponds to a curve homotopic to the shrinking boundary, while 
72 to the primitive homology class of the torus which vanishes in the degeneration limit. 
Writing A, B for the canonical basis of Hi (torus, Z), we have [72] = pA + qB, with (p,q) 
coprime integers. The numbers p, q depend on the particular ^-duality frame in which we 
take the weak-coupling limit. Of course, the possible limits (and the corresponding gauge 
functors £f ) form an orbit of PSL(2, Z). 

The dimension vector of M(C(7i), A, 1) is independent of the chosen duality frame 



<*! = dim M(C( 7l ), A, 1) = (2, 2, 2, 2), 



(4.61) 



which corresponds to the band 



C(7i) : 




(4.62) 



(notice that C(7i) satisfies the constraints arising from dW = and it is not a power of 
any shorter band). The dual magnetic charge is 



mi(X) = -- 5{B dimX = dimX 3 - dimX 4 



(4.63) 



in agreement with the general formula (4.49). 
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The second light vector depends on the duality frame, that is, on the coprime integers 
p, q. Here are a few choices of duality frames 



p, 1 


S 2 


band C 


m 2 (X) 


notes 


1,0 


(0,1,1,1) 


4^^3^^2 


dim X 2 — dim X 4 


rep. A{2, 1) 


0,1 


(1,0,1,1) 


4^^3^^1 


dim X 3 — dim Xi 


rep. A(2, 1) 


1,-1 


(1,1,0,0) 


a 

1^2 

P 


dim Xi — dim X 2 


rep. A(l,l) 


1,1 


(1,1,2,2) 




dim X 2 + dim X 3 — 
— dim Xi — dim X± 




1^^4^^3< 2 ^^4^^ 3 



In the first three frames the second W^-boson representation is actually a representation 
of a canonical afline subquiver, and we have a canonical gauge functor. 

One can easily compute the matter representations, says in the duality frame in which 
the vector associated to the Kronecker subquiver is the second light weakly coupled W- 
boson. Using the string modules, one sees that in each BPS chamber with both VU-bosons 
light and weakly coupled 



arg Z 3 = ix - 0{g\), arg Z 4 = 0{g\] 



argZi = TT-0(g. 



1)1 



argZ 2 = 0(gl) 



(4.64) 



28 



we have four BPS hypermultiplets with charge vectors 



2^1-^2, t^i, -<5i, -Si + 5 2 



(4.65) 



This corresponds to the half-hyper Z 2 -anomaly-free SU(2) x SU(2) representation 

(2,3)0(2,1). (4.66) 

E.g. for arg(Z x + Z 2 ) < arg(Z 3 + Z 4 ) the four stable light strings (which are not in the 



28 Which light representations are stable depend on the particular weakly coupled chamber, but not the 
set of charge vectors of light stable representation. See discussion in §.6.3.3. 
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closure of the P 1 families of the vectors) are 

3^4 3 ^ 4 ^ 1 ^ 2 (4.67) 

4 ^ 3 ^ 1 ^ 2 2^1^3^4^1^2 (4.68) 

4.4 Complete non— gentle J\f = 2 models 

Physically we expect that the discussion of the previous subsection applies, with mild mod- 
ifications, to all complete M = 2 theories. The Assem-Briistle-Charbonneau-Plamondon 
theorem has been (in part) generalized to the case of surfaces with ordinary punctures, 
provided there is at least one boundary component [63] . For the more general case of no- 
boundary — which, typically, lead to a non-finite-dimensional Jacobian algebra CQ/(dW) 
- in most cases one may choose the free parameters in W in such a way that there is a 
string algebra &/ whose 3-Calabi-Yau completion is the Jacobian algebra CQ/(dW) of an 
ideal triangulation of E 9 

CQ/(dW) = n 3 K). (4.69) 

The gentle algebra &/ (when present) is typically non unique. In favorable cases one 
may find a duality frame and a gentle &/ so that the light category ££ sits in mod &/, and 
hence consists of string and band modules and the previous constructions work. 

4.4.1 Categorical fixtures 

As in the previous section, we expect that the light subcategory ££ (with respect to a fixed 
maximal degeneration) has the form 

& = V &> ( 4 - 7 °) 

xeN 

where the reducible variety iV is again the maximal degeneration of the Gaiotto curve with 
the 3-punctured spheres contracted to crossing points. With respect to the case of no 
(regular) puncture there are just three new special categories ££\ a corresponding to the 
3-punctured spheres ('fixtures') with, respectively, 

1. one puncture connected to a long tube and two free punctures; 

2. two punctures connected to two different long tubes and a free puncture; 

3. two punctures connected to the same long tube and a free puncture. 
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These three special subcategories may be extracted from the simplest M = 2 theories 
having the corresponding type of matter. These theories are for the three fixtures above, 
respectively: 

1. SU(2) SQCD with Nf = 2, which is associated to a canonical algebra; 

2. the S77(2) 2 gauge theory with a bi-fundamental quark (see §.4.4.2); 

3. the SU(2) Af = 2* model (see §.4.4.3). 

In particular, a sphere with two free punctures and the third one connected to a thin 
cylinder just inserts two copies of the stable tube of period 2 in the one-parameter family of 
the attached cylinder over two distinct points Ai, A2 € P 1 . The result for the light category 
££ is consistent even if the corresponding Jacobian algebra is not the 3-CY completion of a 
gentle algebra; e.g. if the surface E is a twice punctured disk with c > 1 marked points on the 
boundary, the above rules gives a P 1 -family of stable tubes, almost all homogeneous, except 
for those over the points 0, 1, 00 which have periods, respectively 2, 2, and c. This agrees 
with the fact that corresponding algebra is (derived equivalent to) the Euclidean algebra 
CD C (the orientation of the affine quiver D c being irrelevant up to derived equivalence). 

Even when there is no quiver, as in the case of the Gaiotto A\ theories associated to 
g > 3 surfaces with no punctures nor boundaries, we can perform the above construction in 
each given maximal degeneration limit. We get a well defined light subcategory J2? which 
has the standard form, even if there is no clear understanding of the 'full' non-perturbative 
category, heavy objects included. 



4.4.2 SU{2) x SU{2) bifundamental 

Here we check explicitly our claims for the bi-fundamental fixture. Again, readers not 
interested in (too much) details may prefer to jump ahead. 

We start from the £77(2) x SU(2) gauge theory with a quark in the bi-fundamental. 
The corresponding Gaiotto surface is the punctured cylinder with one marking on each 
boundary component. The most symmetric ideal triangulation leads to the Z2-symmetric 
quiver 

♦ 1 O2 





A-2 





B 2 



(4.71) 
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The superpotential W may be read directly from the triangulation [4, 60] 

W = Tr [AilpKf)! + A 2 ^ 2 (j) 2 + 02^2^201^1^1] ■ (4.72) 

The quiver (4.71) has an obvious candidate SU(2) x SU(2) gauge functor from rep(C}, W) 
to (mod Kr) 2 given by restriction to the two Kronecker subquivers. It manifestly preserves 
the magnetic charges. We claim that the restriction of an indecomposable is either zero or 
indecomposable. This follows from the fact that there are no non-zero paths in CQ/(dW) 
from <0>! to 4i< Indeed, S^W = gives ^i0i — 0) so an y path connecting these two nodes 
should contain a subpath of the form 

■^102-82^201 Or ■0102^2'0201- (4.73) 

The first one is 8b 1 W and vanishes. The relation d<f, 2 W = gives A 2 ip 2 + B 2 ip2<l ) iBiipi = 
and the second one also vanishes 

^102^2^201 = -^102(£ 2 ^20l£l^l)01 = 0. (4.74) 

Therefore, the restriction to the Kronecker subquivers Kr a (a = 1, 2) defines a canonical 
gauge functor in the sense of §. 2.4. Note that the presence of the sextic term in the 
superpotential (4.72) is absolutely necessary for the existence of a canonical gauge functor 29 . 

Consequently, for a light representation X we have 

& a (X)=X\ Kra eT= V Tx. 

AeP 1 

Without loss of generality, we may assume Bi,B 2 to be the identity. Then it is easy to 
check that the map 

(X^X^X^X^X^) ^ (0,0,- ( f> 1 ip 1 X.,A 2 X^,A 2 X <>2 ) (4.75) 

is an element of EndX; a second element of EndX is obtained by applying the Zj 2 au- 
tomorphism to (4.75). Thus, if X is a light brick, Ai,A 2 should be elements of C (say, 
Ai = Aj G C), and the restrictions Xl (if non-zero) are regular bricks. Moreover, for a 
light brick we have dimX^ = dimX^ < 1. Among the relations, for such a light brick, 
we have 

<MAi + 2 ^ 2 )=O (Ai + 02^)0i = (4.76) 

<MA 2 + 0i^i) =0 (A 2 + 0i^i)02 = 0, (4.77) 



29 I thank Clay Cordova for this remark. 
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so that if Ai (resp. A2) is not an eigenvalue of 02^2 (resp. 0i'0i) we have ip± — 0i — (resp. 
■02 = 02 = 0) and our representation is, in fact, a module of the Nf = 1 SQCD algebra 
(derived equivalent to the canonical algebra of type {2}). But the relation -0202 = implies 
02"02 nilpotent, and the only eigenvalue is A2 = 0. Thus if A2 7^ 0, the brick X is a Kronecker 
indecomposable representation of dimension S a (the minimal imaginary root) extended by 
zero (and similarly for Ai). The closure of the object class of the Ai 7^ (resp. A2 7^ 0) 
modules with respect to the extensions is then a standard homogenous tube. 

In conclusion, setting N to be the union of two projective lines meeting at the origin, 
we have the orthogonal decomposition (in the sense (4.44)) 

& = \/ ^ (4.78) 

AeiV 

with Sfx a standard homogeneous tube for A ^ 0; Jf is the closure in rep(Q, W) under 
kernels, cokernels and extensions of the Krull-Schmidt category generated by the indecom- 
posable of dimension vector 

dimX* a = dimX<> a < 1, a = 1,2 dimX. < 1, (4.79) 

with A a = and B a = 1. There are six such vectors (we write the dimension/charge of the 
simple £(•) in its phisical form B — (S± + ^)/2 where B is the unit 'baryon' charge) 

<*!, 8 2 , B±^5 1 ±^5 2 , (4.80) 

which correspond to the quantum numbers of the two W^-bosons and a quark of unit 
baryon number in the (2,2) rep. of SU(2) 2 . In general, there are several distinct brick 
representations having the same dimension vector in the list (4.80); again, precisely one 
representation per dimension vector is stable in any given weakly-coupled chamber. Hence, 
the matter category mattero C J2?o is larger than the naive one, as in most examples. 

The two bricks in Jzfo of dimension Si, S 2 are not rigid: indeed they belong to the closure 
of the P 1 -family with the same dimension vector; this shows that the light category Jzfo 
lays 'over' the intersection of the two projective lines. 

The presence in Jzfo of non-rigid bricks with the quantum numbers of the two W-bosons 
signals the fact that the 577(2) x £77(2) bi-fundamental fixture has a gaugeable SU(2) x 
SU(2) symmetry. In Gaiotto language, it may be connected to infinite cylinders. The 
presence in a light non-homogeneous category of such non-rigid bricks with the quantum 
numbers of the W-bosons is the landmark that the light category represents matter with 
a gaugeable symmetry. 
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4.4.3 SU(2) M=2* 

This is the unique complete theory with gauge group SU(2) which is not canonical in the 
sense of the previous section. However most properties must still be valid, since they follow 
from physical locality and universality of the gauge sector. 

It is often stated that the quiver of SU(2) M = 2* is the Markoff one 




W =X 1 X 2 X 3 + Y Y Y 2 Y 3 + 

+ XX 1 Y 2 X 3 Y 1 X 2 Y 3 , AGC; 



(4.81) 



however, as explained in [5], this is not strictly true: the Markoff quiver corresponds to 
SU(2) SYM coupled to a quark in the representation 



[1]®[1] = [2]©[0], 



(4.82) 



that is, to SU(2) M = 2* plus a free decoupled hypermultiplet (carrying the same flavor 
charge as the triplet quark). This is obvious from the construction of the model as the 
6d Ai (2,0) theory compactified on a torus with an ordinary puncture (i.e. the surface 
whose triangulation has (4.81) as incidence quiver): one starts with the sphere with three 
punctures * — which corresponds to Gaiotto's T 2 , i. e. a half-hyper in the (2, 2, 2) of SU(2) 3 
(cfr. §.4.2.4) -- and connects two of the punctures with a long plumbing cylinder. This 
gives a once-punctured torus: 




The long thin cylinder corresponds to a SU(2) SYM gauging the diagonal subgroup 
SU {2)dia g of the two S77(2)'s associated to the punctures at its ends. Under the subgroup 
S£/(2) diag x 577(2) C SU(2) x SU{2) x SU{2) we have 



(2,2,2) 



(3,2) 



(1,2) 



(4.83) 



which corresponds to (4.82). In §.4.4.5 below we shall describe a remedy to the nuisance 
of having a spurious hypermultiplet in the spectrum. For the moment let us work in the 
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full Gaiotto theory described by the Markoff quiver (4.81). For simplicity, we shall also set 
the free parameter A in eqn.(4.81) to zero. 

The Gaiotto theory is, of course, UV-superconformal, and hence has an S'-duality 
group SL(2, Z) acting on the vectors as in §. 3.2. Fixing (arbitrarily) a duality-frame, that 
is, declaring a certain BPS vector to be 'electric', we may speak of 'weak-coupling' with 
respect to the electric charge of this chosen vector. There are two choices which appear 
particulary natural: 



(I) 
(II) 



arg Zt = 0(g 2 ) 
argZ^ = 7i-0(g 2 ) 

&rgZ <> = 0(g 2 ) 
.argZ* = 7i-0(g 2 ) 



g^O 
g^O. 



(4.84) 

(4.85) 



The first one corresponds to chosing the vertical Kronecker subquiver in eqn.(4.81) as 
the support of the light W^-boson representation. This is the conventional choice, and 
we leave to the reader the details of it. Instead we choose the less obvious duality frame 
corresponding to (II). 

The Jacobian algebra of the Markoff quiver, <CQ/(dW) is not gentle. The conditions SI 
S5 of §.4.1.1 still hold true, but the algebra CQ/(dW) is not finite-dimensional. However 
consider the (non-completed) algebra 2$ defined by the quiver 




with the relations Y{Yi = X1X2 = 0. 



(4.86) 



Clearly, the Jacobian algebra (4.81) is a (possibly deformed) 3-CY completion of 2$. Now 
2$ is finite-dimensional and hence gentle (and easy). 

We claim that there is a duality frame, in facts the one corresponding to the choice (II) 
of eqn.(4.85), in which all light stable BPS states correspond to representations X with the 
dashed arrows of the quiver (4.86) vanishing. In other words, as long as we are interested in 
the light category J2? in the duality frame (II) we may completely forget about the infinite- 
dimensional completed algebra CQ/(dW) and work with the nice gentle algebra 28. In 
particular, J2? consists of string and band modules and WKB is (asymptotically) exact. 

The claim may be shown in two ways. Either one goes trough a formal argument of 
the kind we used in in §.3.1.2 to establish a similar weak-coupling zero-arrow property, or 



63 



one just looks to the figure which represents a periodic ideal triangulation of the punctured 




torus where black, gray, and blue arcs correspond, respectively, to the 4, <), and • nodes 
of the quiver (4.81), while the red and green closed curves define, respectively, the bands 



C(green) : <0 

C(red) : * 

x 2 




+ * 



♦ 



dimM(C(green),\,l) = (l*,l o ,0.) (4.87) 



dim M(C(red), A, 1) = (l*,l^,2.). (4.88) 




It is clear from the picture that it is the red curve which has vanishing length in this 
particular degeneration limit. Then, in our duality frame, the W^-boson has a charge 
vector 

<*=(1 4 ,1<>,2.) (4.89) 

and the magnetic charge form is 



m{X) = --5 l B dimX = dimX 4 -dimX , 

having the usual form for a G = SU(2) theory. 

The gauge functor corresponding to our choice of duality frame 

C S: mod^ 1 ->■ modKr, 



is explicitly 



/ C n o 



\ C n * 




\ 



C n o 



X 1 Y 2 



y ± x 2 G mod Kr. 



C n * 



(4.90) 



(4.91) 



(4.92) 
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and obviously preserves the magnetic charge. 

We are interested in the light category J2? C mod 2$ containing all representations 
associated to BPS particle of bounded mass in the g — >■ limit, i.e. all stable representations 
with m{X) = 0. 

Let X be a module of 2$ which is both stable and light in the weak coupling regime (II) 
(cfr. eqn.(4.85)). Then 

^(I)gPVTVQePV I \f Tx) VS. (4.93) 

V AeP 1 / 

In all canonical or gentle models considered so far one has &(X) = &(X) = 0. As 

v Q 

we shall show momentarily, this remains true in the present case too. However, in the 

canonical/gentle case we have that &(X) is either zero or belongs to a unique 7a- This is 

no longer true, and there is a physical reason for this (Bose statistics) that will be explained 

in §. 4.4.5 below. For that reason we write 

r= V ?U ( 4 - 94 ) 

, * jr {s : t) Vr {t .. s) ( S :t)^(l:±l) 

where T {a :t) = < (4.95) 

\J(s.. t) (s : t) = (1,±1), 

where Z2 is the involution (s : t) -H- (s : t) of P 1 . Physics requires that if X is a light stable 
object (in regime (II)) &(X), if not zero, belongs to a unique T( s -.t) subcategory. 

By the adjoint-representation SU(2) tube L\ we mean the Krull-Schimdt subcategory of 
mod-J 1 generated by the indecomposables X which are mapped by £f into T\- Universality 
of the gauge interactions requires all but finitely many adjoint SU(2)-tubes to be standard 
homogeneous tubes. Again, this turns out to be true, as we show next. 

4.4.4 Band and string modules of SB 

2$ is a gentle algebra, hence all its indecomposable modules may be explicitly constructed 
as band or string modules. We note that the algebra 2$ has a Z 2 automorphism a fixing 
all the nodes of the quiver and acting on the arrows as 

a: Xi^^Yi, Vi. (4.96) 

If X is a stable module in some chamber, so is cr(X). Notice that the Z2 orbit of a string 
(resp. band) is uniquely fixed by the node sequence. Then it is convenient (and physically 
correct) to list the stable Z 2 -orbits rather than the single stable representations. 
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dimension 


type 


string/band 


#(Z 2 -orbit) 


stable for 


(1,1,2) 


band 


C{red) : 4 • • 


1 


all (II) 


string 


♦ •*• 


2 


argZ(.)<arg[Z(*) + Z(^)] 


string 


*•<>• 


2 


argZ(.)>arg[Z(*) + Z(^)] 


(0,0,1) 


string 


• 


1 


all (II) 


(1,1,1) 


string 


*«0 


2 


all (II) 


(2,2,3) 


string 


<>•*•*•<> 


1 


argZ(.)<arg[Z(*) + Z(^)] 


string 


*•♦•♦•* 


1 


argZ(.)>arg[Z(*) + Z(^)] 



Table 1: Table of string/band light stable modules for M = 2* in regime (II). 

The complete list of the Z 2 -orbits of ^"-modules which are stable and light in some 
BPS chamber of the regime (II) is given in table 1. One has 

1. the string representations of dimension (1,1,2) belong to the closure in P 1 of the band 
representation M(C(red), A, 1), A G C*; 

2. in each chamber of the (II) weak coupling regime we have precisely four light hyper- 
multiplets of charges 

(0,0,1) 2 x (1,1,1) (2,2,3). (4.97) 

or, in physical notations (B unit baryon number, S twice the unit electric charge), 

5-B, B, B + 5, and B (4.98) 



Thus the light spectrum is the expected perturbative spectrum: one W-hoson, three 
hypers with the weights of the adjoint representation of 577(2), and a free neutral hyper. 

Here we give the basics of the argument leading to table 1, confining the details to 
appendix C. We call nodes 4k, <0> odd and • even. Along a string or band even/odd node 
alternates. As already mentioned, given the sequence of nodes in the string/band C there 
are only two allowed arrow assignments interchanged by the Z 2 automorphism of 8S\ the 
two representations (if distinct) are either both stable or both unstable, and it is enough 
to check the stability of one of them. 

Suppose C (or C _1 ) has the form 







^0 



(4.99) 
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We claim that the corresponding string/band module V = M(C) is unstable for all central 
charges Z(-) belonging to the (II) weak coupling regime. Indeed, let Zi, Zj be the basis 
vectors of V, corresponding to the two «'s visible in (4.99). One has zi e kerXi flker Y\ and 
Zj G cokerX 2 flcokerY" 2 . Since the vector subspaces kerXx Piker Y\ and cokerX 2 Dcokerl^ 
give, respectively, a subrepresentation and a quotient of V with support on the node •, if 
both subspaces are non zero the stability of V requires 

argZ(«) < aigZ(V) < argZ(«), (4.100) 

which is impossible. Thus strings/bands of the form (4.99) are ruled out. 

The same argument shows that if - - in a given chamber - - a representation with 
a string/band containing ••• 4* — >■••<— 4k ••• is stable, all representations containing 
■ ■ • <0> ■*— • — > <0> ■ ■ ■ are unstable and viceversa. 

We focus on the first possibility, that is, argZ(«) < aigZ(V), or equivalently 

argZ(.) < arg[Z(*) + Z«»]. (4.101) 

The situation in the chamber with the opposite inequality is dual. In the regime (4.101), 
the string/band C of a stable representation is — except for 'boundary' terms at its ends 
- a sequence of bullet configurations of the form 4k — »■••<— 4k. or 4k— > • — >■ <C> and its 
inverse. 

Bands are easier since they have no ends. Let C be a band such that V = M(C, A, 1) is 
both stable and light in our chamber. Then 

= m(V) = dim Va — dim Va = 

V ; ( (4.102) 

= #{ number of bullet configurations ^k — > • <— 4* in Cj. 

This leaves only one possibility 

C=(*^.^0 A. A)™, neN. (4.103) 

(Note that C is Z 2 -invariant up to band equivalence). A band, by definition, cannot be 
a power of a shorter string, and hence we must have n — 1, getting the band C(red) 
we previously got from the WKB analysis. The same unique band is obtained using the 
opposite inequality in (4.101). 

The case of a string module is slightly more complicated, since we have to discuss the 
several possible boundary configurations of C . The analysis is presented in appendix C 
with the result in table 1. 
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4.4.5 %%— representations of a quiver with automorphism 

The Z2 symmetry a of the previous subsection has a clear physical meaning. Recall that the 
stable representations X of a quiver Q with superpotential W with dim Xi = di are meant 
to correspond to the supersymmetric vacua of a SQM with quiver Q, gauge group G = 
Yiieo U(di). For each arrow % — >■ j we have a bi-fundamental Higgs field h a transforming 
in the (dj, dj) representation of U(di) x U(dj). 

Now, suppose our quiver has an automorphism a, fixing all nodes, such that a(VV) = W. 
The simplest case is the Kronecker quiver 

■ A * • a:A^B. (4.104) 



Clearly, the SQM Hamiltonian is invariant under the arrow permutation a. In Quantum 
Mechanics, when our system is invariant under a permutation symmetry, we have to decide 
whether the permuted subsystems are distinguishable or not. If they aren't, we have to 
specify their statistics: Bose, Fermi, or maybe a fancier one. This amounts to projecting 
the Hilbert space to the subspace in which permutations act by the proper irreducible 
representation. 

Considering the stable representations of (Q, W) in the ordinary sense is equivalent to 
considering all arrows distinguishable, and keeping all states in the SQM Hilbert space. 
This clearly sounds odd, since we wish to think of SQM as a physical theory which still 
respects the Spin & Statistics theorem. This would require to keep only the states which 
transform trivially under Z 2 . 

In the case of the Kronecker quiver this would have no effect. The bricks in V, Q 
(i.e. the dyons) are Z2-invariant (up to gauge equivalence), while the brick in T( s -.t) map in 
that in T<p.s)- Since to get the quantum state we have to integrate over the P 1 family, the 
resulting W is o invariant. Then all states are a-invariant, the Bose-statistics projection 
is just the identity, and we may be safely ignore all subtleties. One could associate to pure 
SU(2) SYM a P 1 /Z 2 -family of Z 2 -symmetrized tubes T( s:t y, it would be both pedantic and 
unnatural. 

However, for the Markoff quiver (4.81) it makes a difference to consider the Xi arrows 
to be or not to be distinguishable from the Y{ ones. Projecting on the invariant subspace 
has precisely the effect of getting rid of the spurious free hypermultiplet, getting the SU{2) 
M = 2* theory by itself. 

This can be understood from a different point of view. The Markoff quiver may be seen 
as arising from the quiver for the case of Nf = 2 fundamentals by fusion of the two heavy 
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quark nodes 





(4.105) 



from this perspective it is clear that each arrow trough the node • carries an £77(2) fun- 
damental index a = 1,2, so that the pair of arrows correspond to 2 ® 2 and projecting on 
the symmetric (resp. antisymmetric) part corresponds to projecting on the 3 (resp. 1) irre- 
ducible SU(2) representation. Then it is natural to identify the states of the £77(2) M = 2* 
theory (without extra spurious fields) with the a-invariant representations of (Q,W). As 
we have shown before, doing this one gets the right weak coupling spectrum. 

Representations invariants under an automorphism of a quiver have been studied be- 
fore in the math literature. The corresponding indecomposable objects are called %%- 
representations in [65]. For instance, looking to the ii-representations of the Kronecker 
quiver we are lead to replace the usual tube T\ by the ii-tubes T\ as we did in §. 4.4.3. 

4.5 SU(2) coupled to a quark of isospin m/2 

Coupling a quark of isospin m/2 > 1 to SU(2) SYM leads to a UV non-complete theory. 
Even if the theory makes no sense non-perturbatively, it has a good quiver consistent with 
2d/4d [25] and its perturbative spectrum makes sense as g —¥ 0, so the light category JS? 
should still be well defined and enjoy the Ringel property in the spirit of §. 3.3. Then 
the higher-isospin £C/(2)-tubes still exist and should be 'nice'. The full module category 
should, instead, be quite wild due to the UV incompleteness of the model. 

The isospin m/2 quiver is obtained from the solutions to the Markoff diophantine equa- 
tion (which is equivalent to the condition that $ has spectral radius 1) [26] [25]. The 
convenient form of the quiver is obtained by a mutation at the • node of the one described 
in [25]; one gets 





m 



^4m ■ 



m-2 



(4.106) 



m 
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where the boxed integer attached to each arrow denotes its multiplicity (m e N, and a 
negative number means arrows in the opposite direction). 

4.5.1 The <% m algebra 

We consider the weak coupling limit (4.85). In this regime the algebra CQ/(dW) is best 
understood as the 3-CY completion of the algebra of the quiver 

<t>l,4>2,--- ,<t>m V'1)V , 2,--- ,i>m 

subjected to m 2 — 2 relations. 

The previous discussion of the ii-representations gives a nice interpretation of these 
relations. Indeed, each arrow represents an SU(2) fundamental index, and m parallel ar- 

m factors 



rows 'propagate' the reducible SU(2) representation 2 © 2 © • • • © 2. To project on the 
irreducible representation of dimension (m + 1) we have to project on the trivial represen- 
tation of the symmetric group S m . Consider the m 2 paths of length 2 

i) a (j) b) a, 6 = 1,2,...,™. (4.108) 

Under S m they transform according to the representation (Vi © V m -i) © (Vi © V m -i) where 
V\ stands for the trivial representation and V m -\ for the irreducible (m — l)-dimensional 
one. The relations are 

^ a foeV l (4.109) 

that is, all projections into irreducible S m representations vanish, but the trivial one. The 
number of linearly independent paths of length 2 is then equal to the multiplicity of the 
trivial representation in (Vi © V rn ~i) © (Vi © V m -i) which is 2. Correspondingly, we get 
m 2 — 2 independent relations, in agreement with the completed quiver of ref. [25] . 

The path algebra of the quiver in eqn.(4.107) subjected to the relations (4.109) will be 
called the SS m algebra. The SS algebra of §.4.4.3 is isomorphic to S$i trough the identifi- 
cations 

Yl = fa + fa, Y 2 = 01 - 02- 

For m > 2, SS m is not a string algebra; this is parallel to the fact that for m > 2 the QFT is 
not UV complete. However, we have still a good gauge functor given by the two non-zero 
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paths from <|k to <0> 

<S : mod 3S m ->■ mod Kr (4.111) 

^PO— ► X» =t*o- (4.H2) 

The magnetic charge is again m(X) = dimX^ — dimX^, and light objects are defined as 
before. 

Again, we expect the Ringel property to hold, that is, 

• X is a light stable object (at weak coupling (4.85)) then &(X) G T; 

• For all but finitely many light stable objects X 

<S{X)= C= A } C, AgP 1 , (4.113) 

and, moreover, for a generic A there is precisely one stable light object such that 
7^ &(X) G 7a (up, possibly, to the action of the S m automorphism group of & m )', 

• the matter objects X G matter are (direct sums of) stable light representations with 
&(X) G V \ eE T\ where E C P 1 is the set of exceptional points. 

We give preliminary evidence that these properties do hold. First of all, we note that, 
as in §. 3.1.2, if X is stable and light at least one of the following two conditions must be 
fullfilled in each chamber 



p|coker0 a = O (4.114) 

=i 

rn 

P|kerVa = 0. (4.115) 



a=l 



a=l 



As before, this implies that &(X)\-p = &(X)\q = and hence £f G T . We assume, say, 
that (4.114) holds. 

Let X be a (finite-dimensional) light indecomposable ^ m -module with X+ ^ 0. Since 
&(X) G T, there are infinitely many (eC such that XLV^a + ^Ea^aXXlb^) is an 
isomorphism which may be taken to be the identity 1. We write k = (^2 a V^XXlb^) an d 
we may decompose 

k = J(/ii, n-i) © J(/i2, n 2 ) © • • • © J(fj, r: n r )i (4.116) 
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where J(X, n) is the Jordan block of size n and eigenvalue A. The relations of SS m then give 

M ab = ^ a <p b : X+ ->■ X 

1 / 1 n / \ (4.117) 

= -8 ab (l - Zk + — £ a6 - <U 1 + « " 1 ), 

where E is the matrix with all entries 1. If dimX^ = k, taking bases, we may see M ab as 
a (m k) x (m k) matrix M. One has 



/ \ (m— l)nt 

detM=(m-l)' {m ' 1)k m- k Y[^ e (l-^ + l/m)i2e) . (4.118) 



If all fi£ 7^ 0, (£ + 1/m) 1 , the matrix M has maximal rank m k. Let zi, 22, . . . , Zk be a basis 
of X^. Saying that M has rank mk is equivalent to saying that the m k vectors 

</> a (zi) eX„ a = 1, 2, . . . , to, i = 1, 2, . . . , k, 

are linearly independent. If, in addition, X is stable light, from eqn.(4.114) we get that they 
form a basis of X.. Let {z a } and {zJ } the basis vectors of X^ corresponding, respectively, 
to the i-th and j-th Jordan blocks of k. Then for % 7^ j 

span({0 a (4 J ))}) f|span({0 a (4 j) )}) = 

span({^0 a (4 l ))})f|span({^0 a (4 j) )}) = 

so X is decomposable unless k consists of a single Jordan block J(A, n). Requiring End(X) = 
C then gives n — 1. Therefore the generic stable light module has dimension 

<* = (l^lo, m.), (4.119) 

and this is the charge vector of the unique light VF-boson (in our duality frame). As a 
check, let us compute the magnetic charge linear form 

m(X) = -\&B dimX = dimX*-dimX <> , (4.120) 

as expected. 

Let us focus on an indecomposable representation X of dimension (4.119) such that 
&(X) G 7a- From the above argument we see that if 7^ z G X+, the to vectors w a = <f> a (z) 
form a basis of X,. Then the maps ip b : X, —¥ X^ ~ C are totally specified by 

ip b (w a ) = M bc = -8 ab (l - £A) + , 1 A E ab - 8 ab )((l + $\ - 1), (4.121) 

to m[m — 1) 
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where for A^ 1 we may choose £ = 0. In particular the generic brick of dimension (4.119) 
is S m invariant. 

It is then clear that, for A generic, the light category Jz?a is a homogeneous tube asso- 
ciated to the VF-boson of charge 5. The matter lives on the light subcategories ££\ t where 
A = A t is a zero of the determinant in the RHS of (4.118). 

5 General gauge group G: basic facts 

Our goal in the present paper is to generalize the structures discussed in the previous 
sections for the M = 2 theories with gauge group SU(2) k to general (simply-laced) gauge 
groups. Our immediate objective is to discuss the Ringel property and the light category 
J2? in the general case. 

In this section we collect some elementary considerations, mostly taken from ref. [5], 
which we will need to simplify the analysis or as a check on the results. 

5.1 Magnetic charges 

For a quiver M = 2 theory with gauge group G = SU(2) k , the magnetic charges of a 
representation X is given by eqn.(4.47), that is by m a (X) = — | 5 l a B dimX, where B is the 
exchange matrix of the quiver Q (assumed to be 2-acyclic) and S a is the charge vector of 
the a-th PF-boson. This formula just expresses the facts that the integral skew-symmetric 
bilinear form B is the pairing given by the Dirac electric/magnetic charge quantization, 
and that W has electric charge +2, so 5 a is twice the unit a-th electric charge. 

If we have a general (semi-simple) gauge group G broken down to its Cartan torus, 
exp [) ~ U(l) r( - G \ the unbroken electric charges are identified with the simple coroots aj G 
h, j = 1, 2, . . . , r(G). So normalized, the U(l) r<yG ^ electric charges are integral. The U(l) r( - G ^ 
electric charges of the VF-boson associated to the i-th positive root ctj is given by the 
corresponding weights 

ej(Wi) = «j(aj) = Cij (Cartan matrix). (5.1) 

Now suppose that our quiver with superpotential (Q, W) corresponds (in some duality 
frame) to a M = 2 gauge theory with gauge group G. Let 

6ier = K (rep(Q,W)) 

be the dimension vector of the 1-parameter family of representations associated to the i-th 
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simple-root W^-boson. Comparing with eqn.(5.1), we see that the following vector in r®Q 

(C- 1 )^ (5.2) 

corresponds to unit Cj electric charge and zero e& charge for k ^ j. Inserting this unit charge 
vector in the Dirac pairing (given by the exchange matrix B of Q) we get the formula for 
the j-th magnetic charge of a representation X 

mj(X) = -C^(5iB dim X). (5.3) 

A priori, this expression gives a group homomorphism 

m j: r^Q r(G) , (5.4) 

but physics requires its image to be contained in Z riyG \ In facts, depending on the represen- 
tation of the matter, we know that the image should be a precise integral lattice, namely 
the weight lattice of the Langlands dual to the effective gauge group G c g = G/G , where 
Gq C Z{G) is the subgroup of the center of G acting trivially on all degrees of freedom [67]. 

In simple cases the above integrality property of rrij(-) may be used to guess the matrix 
B and hence the quiver of a QFT. For instance, consider pure SYM with a simple simply- 
laced gauge group G = ADE. Its quiver has rank 2r(G), and the charge lattice T should 
be isomorphic to r root © r cowcig ht. Then det B = ±#Z(G), and B must be such that the 
forms rrij(-) in (5.4) are integral. The simplest solution to these conditions is 



B = C®S, S=\ ]eSL(2,Z) (5.5) 




where C is the Cartan matrix of G. This solution reproduces the pure SYM quiver discussed 
in refs. [5,25], namely the quiver (and associated superpotential W) given by the square- 
tensor product [40] 

t?DJ4(l,l) = G, (5.6) 

where G is the Dynkin graph of the gauge group G with the alternating orientation, and 
v4(l, 1) is the Kronecker quiver djfc =4 <0 whose exchange matrix is twice the modular matrix 
S. E.g. for G = SU(5) the quiver has the form in figure 5. 

The quiver G has one Kronecker subquiver 

Kr,: »„. ^ 1 0, (5.7) 
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Oi 



-^<h^ 



02 



^4*4 



*1 < <>2 > *3 < <>4 

Figure 5: The quiver A4. 

per simple root ctj of G whose source (resp. sink) node we denote as <jk, (resp. <X). We say 
that the Kronecker subquiver Krj is over the i-node of the Dynkin graph 30 G. 

Then the electric/magnetic charges of the nodes of G are (with our sign conventions) 
(ej(4i),m fc (4fci)) = (Cij,8 ik ), (e J (Oi),m fe (O i )) = (0, -S ik ). (5.8) 

In particular, the magnetic charges of a representation X of G are 

rriiiX) = dimX^ - dimX^. (5.9) 

The superpotential W is dictated by the square-tensor product form of G [40]. W is 
a sum over the links of the Dynkin graph G. Since G is bipartite, we distinguish between 
even and odd nodes, a link in G connecting nodes of opposite parity. We write the links 

in the form i j with the first node, i, odd and the second one, j, even. With these 

conventions 

W = Yl TbfAhjBjhi-BifajAjfa^, (5.10) 

i—j eG 

where 0„ is the arrow <)j > 4* : . 

The above quiver was obtained in [25] using the geometrical engineering of pure SYM 
with simply-laced gauge group G as Type IIB on the local Calabi-Yau hypersurface ,J%g C 

C 4 

^ G : e z + e- z + W G (x 1 ,x 2 ,x 3 )=0, (5.11) 

together with the 2d/4d correspondence. In eqn.(5.11) Wg(xi,X2,Xs) stands for (the uni- 
versal unfolding of) the surface canonical singularity of type G = ADE, see e.g. [44] for 
explicit expressions. 



30 Recall that, by abuse of notation, G stands — depending on the context — for the gauge group, its 
Lie algebra, or (as in the present case) its Dynkin graph. 
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5.2 'Nice' and 'reasonable' gauge representations 

5.2.1 The 'heavy quark' construction 

As shown in ref. [5], the above analysis may be extended to M = 2 SQCD with (massive) 
quarks in the representation R of the gauge group G. Assuming that the resulting model is 
a quiver theory in the sense of refs. [3,5], we wish to guess the associated quiver and W. In 
refs. [3,5] one argued as follow. The theory has a free mass parameter m dual to the quark 
number (say, for Nf = 1). Sending m to infinity (along a suitable ray in C), we end up 
with pure SYM and a decoupled heavy quark which contains states of electric/flavor charges 
(u a , ±1) where u a are the weights of R. Let g be the highest weight of the representation R. 
By the quiver assumption, either the charge vector (— g, +1) or the charge vector (— g, —1) 
belongs to the the positive cone in Ko(rep(Q, W)). In facts one of the two vectors must be 
a generator of this cone. Then the corresponding representation S G rep(Q, W) must have 
support on a single 'massive' node • of Q, while the representations associated to the SYM 
sector, which remain light in the m — > oo limit, must have support in the full subquiver 
obtained by removing the 'massive' node •. This last subquiver then belongs to the pure 
SYM mutation-class, and we may assume it to be in the canonical form G. 

The 'massive' node • is connected to the nodes 4b j? (}j of G by as many arrows as the 
Dirac pairing of the electric/magnetic charge vector of the 'massive' node •, i.e. (— £>, 0), 
with the charge vectors of the 4bj, <0j nodes, see eqn.(5.8). This gives 

Vj G G: ^{arrows • > dfbj } = ^{arrows <0>j >• } = (Xj(q) > 0. (5.12) 

E.g. SU(5) with a quark in the 10 would correspond to the quiver 



(5.13) 



If we have Nf quarks, we just iterate the operation Nf times, adding one extra node at 
each iteration. 

However this 'massive quark' procedure is too naive. The above argument guarantees 
that, for large m, the resulting module category rep(Q, W) contains stable representations 
corresponding to the various states of the massive quark in the given representation R, but 
says nothing about the possibility that rep(Q, W) contains additional stable representations 
which remain light in the zero YM coupling constant limit, and hence should be interpreted 
as elementary fields (with respect to the given weakly coupled Lagrangian description). If 
the extra states are just decoupled free fields, as was the case in SU{2) Af = 2*, this is not 
really a problem; when these states are charged under the gauge group, the quiver describes 
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(if any) a totally different M = 2* theory. 

In facts in ref. [5] it is explained that one has to restrict the above quiver construction 
to quarks in a fundamental representation of G, that is, a representations whose Dynkin 
label has the form [0, • • • , 0, 1, 0, • • • ,0]. In this case the massive node • is attached to just 
one node pair, 4^j, Oj, by single arrows. 

The restriction to fundamental representations is not enough to guarantee that no extra 
light BPS states are present. The point is that the above argument relies on the assump- 
tion that G-SYM coupled to a quark in the representation R is a quiver theory, and this 
may or may not be true for a given pair (G,R). There are, however, models of this class 
which we know a priori to be quiver theories. Indeed, if a M = 2 theory may be geo- 
metrically engineered by Type IIB superstring on a hypersurface, it has a quiver which 
- in principle — may be determined by geometric means thanks to the 2d/4d correspon- 
dence [25]. Therefore the 'heavy quark' procedure must give the correct quiver at least 
for the pairs (G, R) having a geometrical engineering. Such pairs (G, R) are called 'nice' 
representations in ref. [44]; we list them in the first column of table 2. They are precisely 
the pairs with b(R) < h(G) where b(R) is the contribution of the representation R to 
the ,3-function coefficient [44]. 'Nice' theories are, in particular, asymptotically-free. The 
second column of table 2 lists the 'reasonable' pairs (G,R): they correspond to models 
which are UV-complete but have no geometric engineering [44]. Again we have divided 
asymptotically-free and UV-superconformal models. 

We shall see that the light states of the 'heavy quark' quiver of the pair (G, R) will 
consist of vector supermultiplets, making one copy of the adjoint representations of G, plus 
hypermultiplets making one copy (or Nf copies, in general) of the representation R if and 
only if the pair (G, R) appears in the first column of table 2. If (G, R) is in the list of AF 
representation of the second column, the light sector would still consists of vectors, forming 
one copy of the adjoint of G, together with finitely many hypermultiplets. We stress that 
this is a if and only if statement 



the light spectrum of rep(Q hC av y quark, W) 

consists of vectors in the adjoint of G 

plus finitely many hypers 



the pair (G, R) is 
Asymptotically Free 



The hypermultiplets of baryon number 1 give the expected representation R, but for non- 
'nice' AF pairs (G,R), the category rep (Qheavy quark, W) contains in addition light stable 
hypers of baryon number > 2 in smaller representations of G. 
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'nice' representations b < h 


G 


R 


b 


/i 


SU{n) 


n 


1 


n 


SU(n) 


n(n-l)/2 


ra-2 


n 


5*7(6) 


20 


6 


6 


50 (2n) 


2n 


2 


2n-2 


SO{8) 


spinor 


2 


6 


50(10) 


spinor 


4 


8 


50(12) 


spinor 


8 


10 


E 6 


27 


6 


12 


E 7 


56 


12 


18 



AF representations with h 


<b<2h 


G 


i? 


b 


h 


SU(n), n>2 


n(n + l)/2 


n + 2 


n 


5*7(7) 


35 


10 


7 


5*7(8) 


56 


15 


8 


50(14) 


spinor 


16 


12 



Representations with b = 2h 



G = ADE 



adjoint 



Table 2: 'Nice' and 'reasonable' representations for G = ADE gauge groups, 'spinor' stands 
for both c and s spinorial representations of SO(2n). 

5.2.2 Representation— theoretical interpretation of the 'heavy quark' quiver 

To simplify some calculations, it is convenient to give a representation-theoretical interpre- 
tation of the 'heavy quark' (G, R) quiver (with Nf copies of the quark in a fundamental 
representation of G). 

Claim. The quiver with superpotential (Q, W) describing G = ADE SYM coupled to k 
quarks in the fundamental representations i\, %i, ■ ■ ■ ik is given by the 3-CY completion of 
the algebra 

£ / = £ / [X n ][X V2 ]---[X lk ] (5.14) 

where ^/q = CG/(dW) is the Jacobian algebra of the pure SYM quiver (5.6), and ^[X] 
denotes the one point extension of the algebra <af at the module X (see appendix A. 3 for 
definitions and details). In (5.14) Xi stands for a module obtained by extending by zero a 

module C I C of the i-th Kronecker subquiver for a particular A. 
l 

Equivalently, we may describe (Q, W) in terms of 3-CY completions of one-point 

coextensions. See section 10 for further details. 



6 Pure SYM and the preprojective algebras V(G 



For a quiver M = 2 gauge theory with a simple simply-laced gauge group G we expect 
that the light subcategory ££ has the form Vasp 1 ^' w ^^ the generic subcategory ££\ 
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equivalent to the corresponding subcategory for the pure SYM case (with the same gauge 
group). Physically this reflects the universality of the SYM sector. From physics we know 
that the light states of SYM should consist only of vector multiplets making precisely one 
copy of the adjoint representation of G. 

The purpose of the present section is to study in depth the properties of rep(Q, W) in 
the pure SYM case. We assume the gauge group G to be simply-laced, and use the square- 
tensor product form of the quiver G, eqn.(5.6). The magnetic charges mj(-) are defined in 
eqn.(5.9), and the weak coupling limit is 



argZ(O i ) = 0(g 2 ), axgZ(* i ) = vr - 0(g 2 



g^O. 



(6.1) 



The light BPS particles correspond to the representations which are stable in this regime 
and have rrii(X) = for all % G G. 



6.1 The controlled Abelian subcategory Jzf YM 

We consider the Abelian subcategory J?? YM of rep(G) controlled by the mj(-)'s, that is, the 
full subcategory of all objects X G rep(G) such that 



ViGG: 



i) mi(X) = 

ii) rriiiY) < for all subobjects Y of X. 



j£f YM is an Abelian (full, exact) subcategory closed under direct sums/summands and 
extensions. Locally, around the Kronecker subquiver Krj over the node % G G, the pure 
SYM quiver G looks as in the figure 




A, 



B t 



-*4m 



(6.2) 
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with two or three arrows <f>ji starting (resp. <f>ij ending) at <0i (resp. fa). Note that under 
the correspondence 31 oti -H- Si = s^ + s^ t we have the identification 

K (J? YM )^r mot (G), (6.3) 

with the root lattice of G. 

It is physically intuitive that ^f YM contains all representations which are stable and 
light at weak coupling. For a formal argument see appendix D.2 which also describes the 
heavy stable states (dyons). 

The crucial observation is the following analogue of Ringel's theorem (cfr. page 25) 

Proposition. Let X be an indecomposable object ofJ£' YM . The restriction of X to each 
Krj belongs to the homogeneous tube T\ for a fixed A G P 1 (that is, A is the same for all 
Kr i 's in suppX^). Hence 

^YM = y if YM i ( g_ 4) 

AeP 1 
with 

XeJ? YM ^ X\„eTx, VieG. (6.5) 



Moreover, 



iKr, 



X e £> YM is a brick => iL = (T. £ X ' M — fr (T* (6.6) 



In particular, the category J£ YM is independent of A up to equivalence. 

Definition. The category Jzf YM is called the homogeneous G-tube. For G = SU(2) we 
recover the usual homogeneous tube. 

Proof. The proof is based on the following Lemma whose proof is presented in 
appendix D. 

Lemma. X e ^ YM . Then iL e T for all i e G. 

IKrj ■> 

Let i, j be two nodes of G with Cy = — 1. By the Lemma, we may write the restriction 



31 As a matter of notation, given a node a € Q we write s a for the dimension vector of the simple 
representation S(a) with support at the a-th node. 
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of X to the subquiver over the A 2 subgraph of G, i j, in the form 




(6.7) 



while the relations d^W = d^W = give 

B = B' 

50 = 05'. 

Let v G X( >i = C fc be a non-zero vector such that (B — \) s v 
s G N. From eqn.(6.8) one has 







.(B-\) s v = (B' -\) s (j)v 



(6.8) 
(6.9) 

for some A G P 1 and 
(6.10) 



so, if v is not zero, it belongs to a Jordan block of B' associated to the same eigenvalue 
A. The same holds for 0. Hence the pair 0, map Jordan blocks of B to Jordan blocks of 
B' with the same eigenvalue and viceversa. The representation X is then the direct sum 
of representations with a fixed value of A; since X is indecomposable, there is only one 
direct summand, and there exists a A G P 1 so that X G -£^ M , where ^f^ M is the exact 
subcategory of j£f YM generated by the indecomposable X such that X|K ri G T\. 

Having set X^. = ldimJsv as a choice of basis, from eqns.(6.8)(6.9) we see that the map 



(^*, , X^. ) i — > (Bi X+ t , Bi X < 



is an element of EndX. Hence if X is a brick 



X, 



^Ai — J-dimX,),. 
Xb x = A IdimX*., 



AgP 1 . 



(6.11) 



(6.12) 
(6.13) 

□ 



Corollary. In pure SYM (at weak coupling) there are no light BPS hypermultiplets. 

Indeed, the above arguments shows that all stable objects in J?? YM come in families of 
dimension at least one, since a brick X will have Kronecker arrows as in eqns.(6.12)(6.13), 
and we are free to change A G P 1 as we please since the relations dW = are homogenous 
in A. 
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"n — 1 




Figure 6: Example: a representation X of V(A n ). 

In the next subsection we shall show that light higher spin states are also ruled out, and 
the only stable states are vector multiplets, as physically expected. 

6.2 The functor <§ and the preprojective algebras 

Again, let G be a simply-laced Dynkin graph; it is a bi-partite graph, and we shall distin- 
guish its even and odd nodes. Out of G we construct a quiver by replacing each unoriented 
link by a pair of arrows going in opposite directions, ^, and adding a loop O at each node. 
Calling Hij (the bi-fundamental Higgs field of) the arrow i — > j and <3>j (the adjoint Higgs 
of) the loop at the i-th node, we associate to the resulting quiver the superpotential 



W = X>[ffy*,-ff*] 



(6.14) 



i.i 



The path algebra of this quiver subject to the relations dW = is known as the (com- 
pleted) preprojective algebra of the Dynkin quiver G. We write II for the category of the 
representations (modules) of the preprojective algebra of the Dynkin graph G at hand. 

There is an obvious functor 

^:y YM ->n, (6.15) 

defined by 



£{X) Hi] 



e,X 



A,:- 



(6.16) 
(6.17) 
(6.18) 



where q = ±1 for even/odd nodes. 

It is easy to check that <p(X) satisfies the constraints coming from the superpotential 
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(6.14) since 

o = a Bi w = ei y, <t>ij a j <t>3i = - J2 H a H ^ = ~ d ^ ( 6 - 19 ) 

3 3 

= d^W =► = $ j H ji + H ji $ i = d H ..W. (6.20) 

Usually in the math literature one defines the preprojective algebra V(G) associated to 
a graph (here the Dynkin graph G) 'forgetting' the arrows corresponding to the loops O 
(but keeping the relations d^yV = they imply), see e.g. Gelfand and Ponomarev [42]. We 
write mod V(G) for the category of modules with the O maps so forgotten. Then it is clear 
that 

Proposition. For fixed A G P 1 , let C(X) be the object class in J?? YM generated by the 
indecomposable satisfying eqns. (6. 12) (6. 13). There is an equivalence 

<S: £(A) ^modP(G). (6.21) 
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In particular, the junctor $ sets a one-to-one correspondence between the bricks of Jz? A 
and the bricks ofV(G). 

Thus, in order to find the BPS particles which are stable and of bounded mass in the 
limit g — > we have to look for the brick representations of the preprojective algebra 
V(G). It is convenient to transport the stability condition of representations from J2? YM to 
modV(G). Thus, to a representation X of V(G) we associate the central charge 

Z(X) = ^dimX, (Z(*i) + £(0i)). (6-22) 

i 

An object X G modV(G) will be said to be stable iff for all proper non-zero subobject 
Y, aigZ(Y) < argZ(X). SYM light BPS states then correspond to stable objects in 
modV(G). 

The above statement gives a complete characterization of the homogeneous G-tubes for 
G simply-laced. 

6.2.1 The double V(Q) of a quiver Q 

The previous construction is a special instance of a general one called the double of a quiver. 
One starts with an acyclic quiver Q; for each arrow in the original quiver Q one adds a new 
arrow a* going in the opposite direction 



a 



■J — ► i^J, (6-23) 

a 

83 



and imposes the relations corresponding to the adjoint Higgs, namely 

Y^ (««* - a* a) = 0. (6.24) 

arrows 

Physically, the passage from Q to its double V(Q) corresponds (in the language of quiver 
gauge theories) to replacing M = 1 supersymmetry with M = 2 SUSY while keeping the 
same gauge group and the same matter representation content. Note that for a tree quiver, 
V(Q) is independent of the orientation of Q, and hence we may speak of the double of a 
Dynkin graph without ambiguity. 

One has the following deep result 

Theorem. (Gelfand and Ponomariov [42], Ringel [43]) The path algebra ofV(Q) (with 
the above relations) is finite dimensional iff' Q is an ADE quiver. 

This result explains why in the family of the quivers of the form T DA(1,1), T a 
three graph, the class of those with T a Dynkin diagram is very special. The good ones 
are precisely the quivers associated with pure SYM with gauge group G, while there is no 
consistent QFT associated to a general tree graph T. 

From the math literature we know [66] that the preprojective algebra of a Dynkin graph 
has finite-representation type iff G — A n with n < 4, it is tame for A^ and D±, and 
wild otherwise. Notice that V(G) is representation-finite (resp. tame) if and only if the 
square-tensor-product GDA2 is representation-finite (resp. tame tubular). 

However, this last result does not mean that for the other gauge groups G we have 
infinitely many light BPS states. Not all indecomposable may correspond to stable particles, 
only the bricks. Bricks are in finite number, and have the right quantum numbers as the 
next subsection will show. 

6.3 The main claim 

6.3.1 Functorial projection and sections 

Let Gq be the quiver obtained by giving the orientation Q to the Dynkin graph G; there 
are 2* Gl distinct orientations, where #Gi is the number of links in G. Clearly, each Gq 
is a subquiver of V(G); it is obtained from V{G) by eliminating, for each pair of arrows 
i < > j , the unique arrow whose direction does not agree with the orientation of the arrow 

a* 

between nodes i, j in the quiver Gq. 
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Then, for each choice of Q we have two functors 

<? n : modV(G) ^ rep(G n ) (6.25) 

y n : rep(G n ) ^ modV(G), (6.26) 

with S^n^o. = Id rep (G' S2 ), which we call, respectively, the 'projection' and the 'zero section'. 
The projection functor <^q is obtained forgetting the linear maps associated to the arrows 
in V{G)\ \ (Ga)i- The zero-section functor is defined by seeing a representation of the 
subquiver Gn as a representation of the full quiver V(G) with the extra arrows set to zero 
(automatically satisfying the relations in V(G)). 

6.3.2 The claim 

Physics requires the following statement to be true 

Main claim (SYM case). In any chamber at weak coupling: 

1. the BPS states of bounded mass in the limit g — > are vector multiplets with the 
quantum numbers of the positive roots of the gauge group G; 

2. in each weakly coupled chamber there is precisely one stable vector multiplet per pos- 
itive root. 

Of course, which representation X of V(G), with dimX equal to a given root a of G, 
is stable will depend on the specific chamber (i.e. on the specific stability function Z(-)). 
Changing Z(-) will change the set of stable representations, but the light particle spectrum 

Sp z(l) = {(dimX,dimExt 1 (A',A')) X € modV(G) is stable w.r.t. Z(-)\ (6.27) 

is independent of Z(-), as long as it corresponds to a small YM coupling. In facts, there is 
evidence for a stronger statement: For each weakly-coupled chamber, there is an orientation 
Q (depending on the particular chamber!) such that the stable light representations (i.e. 
BPS states) are given by the images trough S^q, of the bricks in rep(G^). Conversely, given 
a representation S^q(Y), with Y a brick of Gn, there exists a weakly coupled BPS chamber 
in which it is stable. 

6.3.3 Chamber independence of the light particle spectrum Sp z /) 

Before going to the proofs, we note that it suffices to extablish the result in a particular 
chamber thanks to the Kontsevich-Solbelman wall crossing formula [68] [25,32,69-76]. 
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We want to show that, in pure SYM, the spectrum of BPS states which are light at 
weak coupling, g — I 0, is independent of the BPS chamber (as long as it is a weak-coupling 
chamber!!). 

Recall that the central charge Z(-) in a weak coupling chamber has the form 

Z(X) = J2 Z * dimX * - ~2 Y. C ^a(X), g^O, (6.28) 

ieQo a=l 

where the 0(1) complex numbers Zi belong to the upper half-plane, m a (X) G Z are the 
magnetic weights, and the C a are real positive. 

What we have to show is that the spectrum of light BPS states, corresponding to the 
set of stable representations X with m a (X) = for all a, is independent of the 0(1) 
complex numbers Z$ (with ImZj > 0) in (6.28). We stress that this property is peculiar of 
SYM, or more generally, of theories which have a Lagrangian description (it is, in facts, a 
characterization of the class of M = 2 Lagrangian theories). 

The argument is straightforward 32 . First we note that the stability conditions for a 
representation X G J?? YM are insensitive to the parameters C a > 0. Hence, as long as 
we are interested only in the stability of BPS states described by ^f YM , we may fix them 
once and for all to any convenient value; we choose the real numbers C a to be linear 
independent over Q, i.e. suitably generic. Then ^2 a C a m a (X) = implies m a (X) = for 
all a's. No matter how we change the Zj's, the subset of states with ^2 a C a m a (X) > 
(resp. < 0) will have central charges Z(X) very near the negative (resp. positive) infinite 
real axis, and, by the Konsevitch-Soilbelman formula, any rearrangement of their relative 
phase order will produce states with phases very near the negative (resp. positive) real 
axis, which have again ^2 a C a m a (X) > (resp. < 0), and hence are infinitely heavy in the 
g — >■ limit. No heavy state gets aligned with a light one in the process. On the other hand, 
rearrangement of the relative phases of the light BPS states, will not produce any new state, 
since these are mutually local, hence the associated quantum torus variables commute, and 
the rearrangement of the order of the quantum dilogarithms in the KS wall-crossing formula 
is trivial. 

The absence of wall-crossing in the light sector of the (weakly coupled) SYM theory 
may also be understood as a consequence of gauge-invariance. The central charges Z(S{) 
associated to the simple roots of G may be identified, asymptotically as g — > 0, with the 
vacuum expectation valued of the adjoint Higgs field (<&) which is an element of Lie(G)/G, 
that is, an element of the Lie algebra Lie(G) defined up to conjugacy. We see ($) as an 
element of the Cartan algebra f), with the understanding that ($) and w({&)) represent the 



32 



We use the results of appendix D.2. 
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same physical configuration for all w G Weyl(G). Then, as g — > 0, 

Z(Si) ~ a*( (<&)), where o^: f) — > C, is a simple root of G. (6.29) 

Then we see that two (weakly-coupled) stability functions Z(Si) and Z(5i)' which are related 
by an element of Weyl(G) represent the same physical configuration and hence have the 
same BPS spectrum. 

6.3.4 Proof of part 1) of main claim 

We have to show that X is stable in V(G) for any weak-coupling choice of Z(-) implies 
that dimX is a positive root of G and that X is rigid (that is, it does not belong to a 
continuous family of non-isomorphic representations of positive dimension). 

We recall that by a theorem of King [34] X is stable for some choice of Z(-) =>- X is a 
brick, i.e. Endc(X) = C We need the following 

Lemma (Crawley-Boevey [77], Geiss-Leclerc-Schroer [78]) Let Q be a quiver, and let 
X,Y e modV(Q). Then 

(dim X, dim Y) c = dim Hom(X, Y) + dim Hom(F, X) - dim Ext 1 (Y, X) (6.30) 

where the integral quadratic form (v,w)c = v t Cw, with C the Cartan matrix of Q in the 
sense of Kac [47,48]. 

In our case Q is a Dynkin quiver of type G = ADE, so C is the usual Cartan matrix of 
G. Let X be a non-zero brick. Using eqn.(6.30) with X = Y, we have 

< (dimX,dimX) c < 2, (6.31) 

where we used that the quadratic form (•, -)c is positive definite and dimExt 1 (X, X) > 0. 
The minimal non-zero value of the integral form (•, -)c is 2, and hence we must have 
dimExt^X) = and 

(dimX,dimX) c = 2, (6.32) 

so dimX is a positive root of G. On the other hand, we have the following result of Lusztig 
( [79] section 12), valid for all representations of V(Q), 

dimExt^X) = 2codimC x , (6.33) 

where Ox is the orbit of X in the (affine) representation space of V(Q). In physical 
language, codimOx is the number of Higgs fields, living on the arrows of the quiver V(Q), 
which are not 'eaten up' by the gauge transformations or killed by the constraints dW = 0, 
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that is, they are the Id gauge-invariant physical degrees of freedom. Ext 1 (X, X) = 
then implies no more physical global coordinates to quantize, that is, the corresponding 
particle is a vector (its spin coming from the quantization of the A labeling the P 1 -family 
of representations of the original quiver G associated to a given brick of V(G)). 

We conclude that all stable light states of G are vector supermultiplets with charge 
vector a positive root of G. 

6.3.5 Part 2) 

We have to show that, for any choice of Z(-), there is one and only one stable representation 
X(a) with dimX(a) = a for each positive root a of G. By the Kontsevich-Soibelman 
formula it is enough to establish the result for a particular Z(-). 

Existence of X(a) is easy (in particular for 'nice' choices of Z(-)). Given a central charge 
function Z(-) we define orientation Q of G adapted to Z(-) in the following way. Re-order 
the vertices of G as {ii, i 2 , . . . , i r } in such a way that 

argZ(<y > argZ(<y > • • • > argZ(^) (6.34) 

and choose the orientation Q such that the node sequence {ii,i 2 ,--- ,i r } is a source se- 
quence. We mention that, as a consequence of the mutation algorithm [4,5], this notion of 
adapted coincides with the one based on the possible minimal words for the longest element 
Wo € Weyl(Cr) used by Geiss-Leclerc-Schroer [78]. 

With this orientation, each brick X of CGq, is a stable object, and S^q(X) is stable 
in V(G) for the given stability function Z(-). Gabriel theorem [80] guarantees that such 
bricks are in one-to-one correspondence with the positive roots of G via the dimension 
vector, and the result of Lusztig already cited [79] guarantees that 5?n(X) is isolated (no 
continuous moduli) in modV(G). Hence, for f2-adapted, the rappresentations 



^a(X) 



X a brick of CGV 



form a complete set of stable vector multiplets with the quantum number of the positive 
roots of G. 

For G = A n uniqueness is also easy. Since dimX is a root, each component of the 
dimension vector, (dimX)j, is either or 1, and all maps are either isomorphisms or zero. 
Since the relations of V(G) require X a X a * to be nilpotent for all en's, at least one map in 
each pair X a ,X a * should vanish. Hence all bricks are of the form S^q(X) for some Q. The 
support of X is some A m C A n and, replacing A n with A m , we may assume X to be sincere. 
Consider the i-th link of G. Orienting the link as — > the representation Xu\ obtained by 
setting all vector spaces over the nodes to the left of the i-th arrow to zero is a subobject 
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of X, while with the orientation ^— it is a quotient. Since, for generic Z(-) precisely one of 
the two conflicting inequalities 

argZ(X (i) ) < argZ(X), argZ(X (l) ) > argZ(X) (6.35) 

is satisfied, there is exactly one orientation Q of the (sub) quiver V(A m ) consistent with 
stability. Thus uniqueness is true for G = A n . 

In the general ADE case one chooses a special chamber. V(G) is a bi-partite quiver, 

and we distinguish between 'even' and 'odd' nodes. We choose the following special central 

charge 

, , [ 1 ? is an odd node 

Z(Sj) = { J (6.36) 

I exp(i7r/2) j is an even node. 

We set e(X) = £\ cvcll ( d[mX )^ and °( x ) = Ei odd( dimX )i> so that 

Z(X) = o(X)+ie(X). (6.37) 

The Statement says that a representation X of V(G), which is stable with respect to 
the stability function (6.36), has the form S^^{X') where Q is the alternating orientation 
of the Dynkin graph G with even nodes sources and the odd ones sinks. Note that X = <5%? 
for a certain X' G mod-CG iff there is an exact sequence 

_> S {i) -► X -> S(j) ^ 0. (6.38) 

i odd j even 

Let X be such a stable representation. In particular dimX is a root a of C If a is 
simple, there is nothing to show. Otherwise we may assume e(X) o(X) ^ 0. Let 

= I CliCl 2 C--Cl< = I (6.39) 

be a filtration such that 

X j+1 /Xj = goc(X/Xj). (6.40) 

By construction, each composition factor Xj +1 /Xj is semisimple. 

Let X 1 = (B a S(i a ). We claim that all summands S(i a ) have i a odd. Indeed, assume that 
i ao is even. Then the simple object S(i ao ) is a subrepresentation of X. Stability of X gives 

+oo = tan arg Z(S(i ao )) < tan arg Z(X) = e(X)/o(X) (6.41) 

which is a contradiction. Since V(G) is bi-partite, we have XijX\ = (BbS(ib) with all ib 
even (because there is no non-trivial extension — > X\ — > Y — > S(i) — ¥ for i odd). 
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Recursively, we see that Xk/Xk-i with k even (resp. odd) is a direct sum of even simples 
(resp. odd simples). Dually, we may start from the top of X rather than from the socle. 
Stability requires top(X) to be a direct sum of even simples. Thus, the length £ of the 
filtration (6.39) should be an even number. 

Uniqueness in the general case boils down to show that £ = 2. Let us check it in the 
simplest non-trivial case, namely dimX the highest root of D 4 . In the convention in which 
the triple node is even, if £ > 2 we have only two possible composition series with the above 
properties (up to permutation of the three external nodes l a of the D4 graph) 

S(2) S(2) 



S(h)®S(l 3 ) S(h) _ 



5(2) S(2) 



S(h) S(h)®S(l 2 ) 

The first one is obviously instable in our special chamber. The second one is in fact a 
representation of the subquiver 




(6.43) 



and the relations give a^a^ = a^a^ = 0. Hence, again, precisely one of two arrows 0:3, 0:3 
vanishes. 0:3 = would lead to an unstable representation, and we remain with a unique 
possibility, 0:3 = which is of the expected S^{Y) form. 

Similar gynmastic may be used to show the claim for all D r . It should also be true for 
E 6 , E 7 , E 8 since the argument from the physical side is very robust. 

7 G— canonical algebras 

We wish to generalize the analysis of sections 3 and 4, which was valid for G = SU(2) k to 
a general (simply-laced) gauge group. We know that a quiver M = 2 model which --in 
some duality frame — may be seen as a gauge theory with gauge group 

G = Gi x G 2 x • • • x G s , (Gi simple) 
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must enjoy the Ringel property. The light category 



A- 

xeN 

where N is the union of s P^s in one-to-one correspondence with the simple gauge group 
factors G a in analogy with what we saw in sec. 4. Over the generic point of the a-th 
irreducible component we must have the equivalence 

where J£^ M (G a ) is the homogeneous G a -tube described in section 6. Each matter sector 
is contained in a subcategory ££\ a over a specific (closed) point X a G N. 

The simplest class of theories is obtained by extending to general G the canonical 
construction which works for the 577(2) models of §.3. These models have a canonical 
gauge functor 5f which makes the analysis simple and nice. In this section we propose a 
class of G-canonical algebras for all G = ADE. They satisfy the Ringel property in the 
desired form, and are also consistent with the 4d/2d correspondence as we shall show in 
sec. 10. Thus these associative algebras satisfy the necessary conditions to correspond to 
good Af = 2 gauge theories with gauge group G. However not all G-canonical algebras are 
expected to be good QFTs: indeed, already in the S77(2) case the QFT associated to a 
canonical algebra may fail to be UV-complete. 

For the classification program, one needs — as we had in the 577(2) case — a criterion 
to decide which G-canonical algebra gives a consistent QFT. In this last direction we shall 
give only very partial results. 

7.1 The quiver 

We start with the Dynkin graph 33 G, and to each node i G G we attach a set K{ of hi > 
integers, k% = {Vii,i, • • • , ni^} with rii^ a > 2. E.g. for G = Eg we have 

Kg 

(7.1) 

To the data {Ki}ieG we associate the quiver Q(G, {/««}) so defined: we start with the 
disconnected quiver 

II<3(^) (7.2) 

ieG 



33 Recall that the Dynkin graph is unoriented. 
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which is the disjoint union of the (3-CY completed) canonical quivers Q(Ki) associated 
with the sets Ki (we use the same notations as in §. 3). This quiver has 2r(G) distinguished 
nodes, namely 4,:, <X, for i e G. For i ^ j, we draw |CV,| arrows from <X to 4*j, where Cij 
is the Cartan matrix of G. The resulting connected quiver is our Q(G, {Ki}). 

We shall say that the full subquiver Q(Ki) C Q(G, {kj}) is the canonical subquiver over 
the i-th node of the Dynkin graph, or that it covers that node of G. 

7.2 Examples 

• ^ = for all i. Q(G, {0, • • • ,0}) = GDA(1, 1), i.e. pure SYM with gauge group G. 
Over each node of G there is a Kronecker subquiver A(l, 1); 

iVy terms 



K\ = {2, 2, 2, ... , 2}, and Ki — for i > 1. Q(G, {««}) is the quiver of SQCD with 
gauge group G and iVy fundamental quarks [5]; 



Ni terms 



• Ki = {2, 2, 2, . . . , 2}. Q(G, {Ki}) is the 'massive quark' quiver for SYM with gauge 
group G coupled to JVj (full) hypermultiplets in the i-th fundamental representation 
[5]. From (3.6) we see that the total number of nodes in the quiver is 

i 

which is precisely equal to the number of electric, magnetic and flavor charges; 

• if some ni )Cl > 2, the model has no Lagrangian description (in terms of free fields with 
only gauge couplings). One needs a criterion to distinguish the Ki which do arise in 
physical theories. In the SU(2) case the criterion was just x > 0- 

7.3 Super potential 

For each link % j in the Dynkin graph G we get two arrows in our quiver, namely 

Oi — J —> 4*j and ^ <r^— <}j . 

Moreover, in each (full) subquiver Q(Ki) over the i-th node we have the two paths £i(i) 
and d-2{i) defined as in eqn.(3.5). We write riiV'j an( ^ ll2' ? /'* fo r ^ ne product of (the bifun- 
damental Higgs fields associated to) the arrows in the path £i(i), resp. £2(1)- 
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With these notations the superpotential on the quiver Q{G, {i^i}) is 

w = j2 w (^) + e Tr ( n ^ 4* n ^ ^ - n ^ ^ n ^ &o • ^-^ 

nodes links 12 2 1 

of G of G 

where in the sum over links we mean that i (resp. j) is an odd (resp. even) node of the 
bi-partite graph G and W(«i) is as in §.3. 

It is elementary to check that the above formula reproduces the known superpotential 
for the SQCD case (with any number of flavors), or any other model having a Lagrangian 
formulation. 

7.4 Magnetic charges and weak coupling 

Taking the charge vectors Si of the simple-root W^-bosons to be the characteristic function 
of the subquiver over the i-th node of G, the magnetic charges are given by the usual 
formula 

rrii(X) = (dimX)^ - (dim *)<>,, (7.5) 

and the weak coupling is still defined by the limit g — > with 

&rgZ(* l ) = n-0(g 2 ) (7.6) 

argZ(0,) = O(<? 2 ). (7.7) 

Lemma. Let X a representation of (Q(G, {«»}), W) which is stable at weak coupling. 
Then, for all i G G, all arrows i] ita C Q(^i)i vanish. 

Proof. Same argument as in the Proposition on page 24. □ 

Hence all representations stable at weak coupling are in fact representations of the G- 
canonical algebra, namely the path algebra of the above quiver with the ^-arrows omitted 
and bounded by the relations d\V = with the 77's set to zero. 

The category of the (finite-dimensional) representations of the G-canonical algebra will 
be denoted as C(G, {««})• Again, we are interested in the light category J2? C C(G, {««}): 
by definition one has X e Sf if rrii(X) = for all i's while for all its subobjects Y one has 
rrii(Y) < 0. 

For G = SU(2), Jz? is the same as Ringel's category T [35]; moreover, if the SU(2) 
model is asymptotically free, ££ coincides with the subcategory of regular modules. 

A light stable representation (at weak coupling) is precisely a BPS state with bounded 
mass as g — > 0, that is a state which is a 'local fundamental degree of freedom' of the 
corresponding QFT and not a soliton carrying the (topological) magnetic charge. 
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7.5 The Coxeter-Dynkin form of (Q, W) 

The quiver of a A/" = 2 theory is defined only up to mutation (Seiberg duality in the SQM 
language), the module categories of mutation-equivalent quivers (with superpotentials) 
being derived equivalent. 

The canonical pair (Q, W) given above is particular suitable for computations thanks 
to the gauge functor £f ; there is another special form of (Q, W) which may be convenient 
for specific purposes. In the case of the SU(2) models associated to the canonical algebras, 
§. 3, this second form of (Q, W) corresponds to (the 3-CY completion of) a Coxeter-Dynkin 
algebra of canonical type [81]. We use the same terminology in the general G case, and call 
the corresponding pair (Q, W) the Coxeter-Dynkin form of the quiver. 

The Coxeter-Dynkin version of the G-canonical quiver — specified by the set {^i}ii=G-, 
K i = {ni t i,n 2j i, ■ ■ ■ ,nk it i} --is obtained by replacing the subquiver Q(ni) over the i-th 
node by a subquiver consisting of a Kronecker quiver 4|fc, =4 <X with attached ki oriented 
triangles (of sides ctj, fa and the Kronecker arrows); to the third node •„ (a = 1,2, ... ,ki) 
of each such triangle it is attached a A Ha ._ 2 subquiver with a linear orientation, as in the 
figure 




(71 



(The Kronecker arrows are drawn dashed since they correspond to relations in the uncom- 
pleted Coxeter-Dynkin algebra). 

The superpotential term involving only arrows of the i-th subquiver reads 



Vi 



^2 a iPi + V2 (ttl/?2 ~y^Aj Oipi) . 



(7.9) 



i=2 



i=3 



where 771,772 are the (dashed) arrows of the Kronecker subquiver. 

The Coxeter-Dynkin form is the one most frequently used in ref. [3] since it is the 
one with the most direct physical interpretation in terms of a generalized 'heavy quark' 
argument. 
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Oi 


(7.10) 




(7.11) 


^n 2 vv 


(7.12) 



7.6 The gauge functor W 

The gauge functor <£ maps a representation X of the G-canonical quiver (with superpoten- 
tial) Q(G, {/tj}) into a representation of the quiver for pure SYM, Q(G, {0j}). Explicitly 34 



Sf (X)* = X 4i ^(X) , 

^(X)^=X Di ^ Sf(X)^ 

It is clear that &(X) is a representation of the pure SYM quiver Q{G, {0«}) satisfying the 
correct relations dW = 0. 

At weak coupling we may limit ourselves to the subcategory C(G, {fti})- Then all the 
r/'s vanish, and all the products along the paths £ a (i) in the canonical subquivers Q{^i) over 
each node % G G are uniquely determined by &(X), indeed 

n> = a„,, n^+A^ n> = Ki&( x hi,i+»a,i9( x )i>i.i- ( 7 - 13 ) 

a 1 2 

From its canonical subcategories C(/Cj), the category C(G, {ftj}) inherits the following useful 
property: assume X G C(G, {««}) is indecomposable; then, if the map along the path £ a (i) 
in the subquiver Q(ni) 

a i a (i) 

is, respectively, injective, an isomorphism, or surjective, the same is true for each arrow X^. 
along the given path £ a (i) in Q(ni). 

From eqn.(7.10) and the definition (7.5) it is obvious that £f preserves the magnetic 
charges 

m t (&(X))=m l (X), (7.14) 

and hence maps the light subcategory ££ C C(G, {«i}) of the given G-canonical theory to 
the corresponding subcategory J2? YM of pure SYM (with the same G) 35 . Again, at weak cou- 
pling, ££ is the main object of interest, and we focus on it. Restricting to this subcategory 
at least one arrow in each subquiver Kxj, 5f (X)^ 1 .,'if(X)^ 2V is an isomorphisms. 



34 Here and below we use the short-hand notations of section 3: then the composition of all arrows of 
X belonging to the a-th path in the canonical subquiver over the node i G G, Y\e a) X^ is written simply 

asT7 Q ^- 

35 One has to show that if X € Jz? then there is no subobject Y of &(X) with irii(Y) > for some i <G G. 
This is equivalent to the statement that the for all i &(X) L. has no direct summand in Q. In turn, this 

is also equivalei 

eqns.(??)-(??) 
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is also equivalent to X \ , . not having direct summand in V '. This follows from the same argument as in 



By the same argument as in the pure SYM case, for an indecomposable X G Jz? the 
matrix 

decomposes in Jordan blocks of eigenvalue ( G P 1 which is the same for all Kronecker 
subquivers Krj over the nodes i G G. Hence, again, 

i^c\/^ (7.16) 

CeP 1 



and 



<S{&£) C ^ C YM . (7.17) 



In particular, for 



C G P 1 \ |J (A 0)i : pt a ,i) 

a,i 

all maps ipi are isomorphisms, and 5f : J5f^ — ¥ J£7 M is an equivalence. Then -- as in the 
classical SU(2) case — for all, but finitely many, points in P 1 the category Jzf^ is the same 
as the corresponding category for the pure SYM case namely a homogeneous G-tube. 

If ( is equal to one of the special points (X a ,i '■ /V«) ~ ~ which we assume to be all 
distinct - - new phenomena appear. Restricted to the canonical subquiver Q{kj) over a 
node j 7^ i, the situation looks exactly the same as in pure SYM. But the restriction to 
the canonical subquiver Q(kj) over the i-th node is now a representation (not necessarily 
indecomposable) belonging to a stable tube of period n ai . 

Therefore, limiting ourselves to the special G-tubes arising from this canonical construc- 
tion, the classification is as follows: besides the homogeneous G-tube, there is a distinct 
non-homogeneous G-tube for each pair (i, n) where i is a node in the Dynkin graph G and 
n is an integer > 2. 

8 'Lagrangian' matter: V(Q) algebras again 

Having understood the homogeneous G-tubes, it remains to study the non-homogeneous 
ones which, roughly speaking, correspond to the possible matter subsystems with a gauge- 
able global symmetry G. G-canonical algebras give a (small) special class of such G-tubes. 
In this section we consider the case in which the restriction of the Dirac pairing to the 
light category Jz? vanishes 

(*) ")Dirac = 0, (8.1) 
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that is, the Euler form is symmetric when restricted to <£?. 

Models with the property (8.1) will be called 'Lagrangian', as all J\f = 2 gauge theories 
with a weakly coupled Lagrangian description satisfy (8.1) since the fundamental fields of a 
Lagrangian description are mutually local. Under this assumption, the argument of §. 6.3.3 
applies, and the set of dimension vectors of the light stable representations is independent 
of the particular weakly-coupled chamber. Hence a light BPS state which is present in one 
such chamber is present in all. That argument, based on the Kontsevich-Soibelman formula 
[68], has also another useful consequence: if (8.1) holds, the physical quantum numbers of 
the light BPS states are the same for the quivers (with superpotential) Q and /i(Q) provided 
the mutation fi preserves the magnetic charges (and hence the notion of weak-coupling). Of 
course, the quiver mutation jj, tilts the positive-cone in K (rep(Q, W)), and the full BPS 
spectrum - - including the anti-particles with charge vector minus the dimension vector 
of a stable representation — should be taken into account. This reflects the fact that the 
module categories of the two Jacobian algebras CQ/(dW) and C/x(Q)/(cfyt(W)) are derived 
equivalent [23] but different. 

The G-canonical algebras which are 'Lagrangian' in this sense are those associated to 
a family of sets {kj}jgg of the form 



Ni times 

{2X^2}- 



(8.2) 



.3) 



The Ni points Ca,i = (A a ,i : /V*) e ^ ( C ^ T - eqn.(7.13)) are assumed to be generic, i.e. 
pairwise distinct. For ( ^ ( a ^, the G-tube Jz?a is equivalent to the homogeneous G-tube 
J2?/ M , while J^Ca.i is equivalent to the unique non-homogeneous G-tube of the canonical 
algebra with 

'{2} 3 

3 ?H 

which heuristically corresponds to G SYM coupled to a single massive quark in the i-th 
fundamental representation of G. In other words, we are reduced to study the N^ — 1 case, 
the G-tubes of the several 'quarks' laying over distinct points of P 1 . 

The quiver of the JV$ = 1 model is the pure SYM quiver G with the i-th Kronecker 
subquiver replaced by a A{2, 1) subquiver 



••< — Oi 



->*. 



B, 



■■< — Oi 



A, 



"^ 





where Bi = ip\ip2 



U) 
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Mutating at the node • we get the Coxeter-Dynkin form of the quiver 



Oi 



<>i 




A, 



"►♦« 




-)■♦. 




B, 




$.5) 



which has the same magnetic charges rrij(X) = dimX^. — dimX^> . The quantum number 
identifications in the two quivers are related by mutation; writing Sj for the charge vector 
of the VF-boson associated to the j-th simple root of G and q for the charge vector of the 
basic quark state, we have 



Coxeter-Dynkin q = s., 



6< 



canonical 



-5., S 



, Uj 



S+, + so . 



16) 



and the argument of §. 6.3.3 implies that the set of the quantum numbers of the light BPS 
states 

ft + y^.Qj&j = dimX, 

X a light stable representation of (Q, W) 

is the same for the two mutation-equivalent quivers. 



±(/,<&: 



ieG 



•7) 



8.1 Relation to P(Q) 

In the present conventions, the non-homogeneous G-tube of the algebra (8.3) corresponds 
to C = 0. If X G J2?o, focusing on the subquiver (8.4), we have 



Xo^X^, 



X A ; = id, 



X^X^ is nilpotent. 



If, in addition, X is a brick X^X^ = 0. Moreover, for X stable (in a weak coupling 
regime) either X^ is injective or X^ 2 is surjective. Thus for X light stable X^ x or X^ 2 
vanishes. 

For X a brick in Jzfo, the maps Aj = Id: 4fkj — ¥ (}j, j G G, identify X^ . ~ X^., leaving 
effectively with a representation of the quiver G[i] obtained by the following two-step 
procedure: 

1. One constructs the augmented Dynkin graph G[i] by adding to the Dynkin graph of 
G an extra node, •, connected by a link to the vertex % G G. E.g. if G = A 7 and 



m 



% — 3, corresponding to the 3-index antisymmetric rep., we have 

A 7 [3]: 

Oi O2 O3 04 Os Oe Ot 

which, in this case, is the Dynkin graph Eg; 



5.9) 



2. one replaces each link in G[i] with a pair of opposite arrows ^, i.e. forms the double 
quiver of G[i]. E.g., for the example (8.9) one gets 



A 7 [3]: 



i>2 ip 



021 A 032 



'1 



... . ■- 043 , 054 A 065 . 076 

012 023 034 045 056 067 



UO) 



Explicitly, given a light stable representation X of the quiver Q(G, {0, • • • ,0, {2}, 0, • • • , 0}), 
the representation Y of the double quiver G[i] is given by 






(8.11} 



We claim that the representation Y automatically satisfies the relations of the preprojective 
algebra V(G[i]). One needs to check only the relations at the two nodes • and <X since 
nothing changes at the other nodes with respect to the pure SYM case. Then we must 
verify 

node Oj : ^ tj<Pij<Pji ~ 4>i ^2 = 

i (8.12) 

node •: ^V'l = 0. 

The first relation is just ds.W = evaluated at Aj = Id; indeed, 

W = J2 e * A k faj B i <f>kj ~ B, fafo. (8. 13) 

k.j 

The second relation is trivially satisfied since either %pi or ip2 vanishes. 
Therefore 

X a stable brick of ^ =>• Y a stable brick of V(G[i\). (8.14) 

Note, however, that Y is a representation of V(G[i}) of a particular kind since we have the 
stronger condition that one of the two arrows connecting • and <X must vanish. 
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A useful observation is that studying the light stable representations of the Coxeter- 
Dynkin quiver in the RHS of eqn.(8.5) one also ends up with stable bricks of V(G[i]) of the 
special kind above under the mutated identification (cfr. eqn.(8.5)) 

Y^ = X<f, 2 , Y^ 2 = Xfo. (8.15) 

8.2 Relations to Kac— Moody algebras 

The augmented graph G[i] is a tree. We know from §. 6.3.4 that for all representations Y 
of V(G\i\) 

2 dim End(F) = (dimY, dimF) a + dim Ext 1 (yy), (8.16) 

where (•, -)q is the symmetric even integral quadratic form defined by the Cartan matrix C of 

the Kac-Moody algebra with Dynkin diagram G[i\. Moreover, we also know that the spin 36 

s of a light brick X G J??o — which is not in the closure of a family {X^ | X^ G Jz?(, ( G P 1 } 

- is given in terms of the corresponding representation Y of V(G[i}) by the Lusztig formula 

2s = - dim Ext 1 (yy) (8.17) 

(note that the RHS is always an integer). Therefore: If Y G modV(G[i]) with Y, ^ 
corresponds to a light (stable) supermultiplet of spin s, dimy is a positive root of the Kac- 
Moody algebra G[i] and 

(dimydimy) a = 2-4s. (8.18) 

In particular, ifY corresponds to a stable hypermultiplet, dimy is a real root of G[i\. 

For the implication in the other direction, 

Proposition. Assume that dimy is a root of the Kac-Moody algebra G[i] which is a 
Schur root 37 for some orientation Q of the Dynkin graph G[i]. Then in all weakly-coupled 
chambers there is a a light stable BPS state of charge vector 

(dimy.) s. + ^dimy^. (s*, + s<>.). (8.19) 



Moreover, if there is a light BPS particle of spin > 3/2, there are light BPS parti- 
cles of arbitrarily high spin. 'Light 7 higher spin BPS states organize themselves in Regge 

36 By the spin of a representation X we mean the spin of the SU(2) representation which tcnsored 
with a hypermultiplet gives the spin content of the corresponding BPS supermultiplet. Thus s = for a 
hypermultiplet, s = 1/2 for a vector multiplet, and s > 1 for higher-spin supermultiplets. 

37 Recall that a root is a Schur root if it is the dimension vector of a brick. 
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trajectories with spin s ~ M 2 , where the mass M = const, n, n G N. 

Proof. A representation Y of the (tree) quiver G[i]a may be seen as a representation 
of V(G[i]). The corresponding light representation X of the G-canonical algebra is stable 
(at weak coupling) if and only if Y is stable as a representation of G[i]a with respect to 
the induced central charge Z(-)- m &. By the KS wall-crossing formula and the argument 
in §. 6.3.3, the set of dimension vectors of stable light representations is independent of 
the chamber. Hence, if the representation Y is stable for a particular choice of a stability 
function Z(-) on the quiver G[i]f2, there is a stable light representation X of the original 
G-canonical algebra with dimension (8.19) in all weakly-coupled chambers. 

We have only to check that given a Schur root a of G[i]n we can find a particular 
chamber in which a representation Y of dimension dimF = a is stable. We choose our 
particular BPS chamber in the form 

Z(-) = Zo(-) + t ((-, a) E - (a, .) B ) , t -)• +00. (8.20) 

where {-,-)e is the Euler form of the quiver G[i]n- Let Y be the generic representation of 
G[i]a of dimension a. The condition of stability of Y with respect to Z(-) is then equivalent 
to the characterization of the Schur roots, see [82] Theorem 6.1. 

The last statement follows from Theorem 3.7 of [82]: if a is an imaginary Schur root 
with (a, a)(j < 0, then na is also an imaginary Schur root for all n 6N. 

Note that in the chamber (8.20) all BPS states in the Regge trajectory of a will be 
simultaneously stable. □ 

Let G[i] be a Dynkin graph of negative type (that is, neither an ADE Dynkin graph nor 
an affine one) and let M C r root be its fundamental set [47,48]; the set of the imaginary 
roots is given by [47, 48] 

A im (G[i]) = (J w(M). 

w6Weyl(G[i]) 

By Lemma 1 of [48] an imaginary root a G M with (a, ol)q < is always a Schur root. 
Therefore, if G[i] is of negative type the light spectrum contains some (and hence infinitely 
many) higher spin states. In conclusion, for 'Lagrangian' G-canonical algebras we have 
three possibilities, corresponding to the three classes of Kac-Moody algebras: 

(P) the light spectrum consists of W^-bosons making one copy of the adjoint rep. of G and 
(finitely many) hypermultiplets ('quarks') in definite representations of G ^=^> the 
augmented Dynkin graph G[i] is a Dynkin graph of the finite ADE type; 

(Z) the light BPS spectrum contains, besides the H^-bosons of G, one additional vector 
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multiplet, as well as infinitely many hypermultiplets, but no higher spin BPS state 
-<=>- the augmented Dynkin graph G[i] is a an affine ADE Dynkin graph; 

(N) the 'light' (!!) BPS spectrum contains infinitely many states of arbitrarily large mass 
and spin organized into Regge trajectories s ~ const, m 2 . 

Clearly, the case (N) cannot correspond to a UV complete QFT. Indeed, (N) is the 
same wild behavior which in the canonical case characterizes the models having a Landau 
pole in the UV. 

8.3 The Dynkin case (P) 

8.3.1 Graphical criterion for aymptotic freedom 

In figure 7 (page 103) we present all augmented graphs G[i] which are finite-type Dynkin 
diagrams, where the node % G G is identified with the fundamental representation Ri of G 
with highest weight the fundamental weight 

i 

Wi =[0,...,0,^,0,---0]. 

Comparing the figure 7 and table 2 we observe the remarkable 

Fact. M = 2 SYM with gauge group G = ADE coupled to a quark in the fundamental 
representation Ri is asymptotically free if and only if the graph G[i] is a Dynkin graph of 
finite-type. 

For G = ADE there is just another asymptotically-free representation which is not 
fundamental, namely the two-index symmetric of SU(n). At least at the level of state 
counting, this non-fundamental case looks quite similar to the fundamental ones with the 
SU(n) Dynkin graph augmented to the Sp(2n) one. However, following this suggestion 
would lead to a discussion of the non-simply laced case which is beyond my present under- 
standing. 

One also observes that, whenever a M = 2 SYM coupled to a single quark in the 
representation R t of G is a UV-superconformal QFT, the graph G[i] is affine and % is an 
extension node, that is, the 'naive' heavy quark quiver would lead to the case (Z). But in 
the conformal case that 'naive' quiver is really too naive to be trusted. 

8.3.2 Light BPS spectrum 

From §. 8.2 we know that the light BPS representations in the non-homogeneous G-tube of 
canonical type (8.3) have dimension vectors equal to eqn.(8.19) where dimF is a positive 
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SU(N) with N 



SU(N) with N(N - l)/2 



SU(6) with 20 



SU(7) with 35 



5?7(8) with 56 



SO (2n) with 2n 



50(10) with 16 



50(12) with 32 



50(14) with 64 



£ fi with 27 
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Figure 7: The augmented Dynkin graphs which are themselves ADE Dynkin graphs. 
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root of G[i]. The map dimX — > dimF identifies the zero-magnetic charge sublattice of 
the original theory with the root lattice ^gu] of the enhanced gauge group G[i\. Accord- 
ing to the discussion leading to eqn.(8.7), we have two alternative natural identifications 
between the vectors in T^ghi an d the physical quantum numbers, depending if Y arises 
from a representation X of the canonical or the Coxeter-Dynkin form of the quiver. From 
eqn.(8.6) one sees that the two identifications are related by the action of the simple re- 
flection s. G Weyl(G[i]), which leaves invariant Tgu], so that, as expected, the physical 
spectrum is independent of the choice. 

We use the simpler Coxeter-Dynkin identification of the physical quantum numbers. 
Let / be the zero-eigenvector of the exchange matrix B of the Coxeter-Dynkin G-quiver 
with {kj} as in eqn.(8.3). The vector / is a purely flavor charge corresponding, up to 
normalization, to the baryon number B. Let C a b be the Cartan matrix of G[i] (with the 
convention that the index value a = 1 corresponds to the enhancement node •). One has 
the identity 

(/.,/<>!, •••,/o r(G) )C=(l,0,...,0), (8.21) 

where we chose the canonical normalization. Hence we see that under the identification of 
the zero-magnetic charge sublattice with r^u the baryon number is given by the Cartan 
generator of G[i] 

B = f.aZ + Y,U t al t el)(G[t\), (8.22) 

i 

such that 

a.(B) = l, «<>.(£) = 0. (8.23) 

Then the matter light states in the G-tube of type (8.3) may be organized according to 
a fictitious Higgs symmetry breaking as follows. One considers the Lie group G[i] broken 
down to its subgroup G x U(1)b by an adjoint representation Higgs field $, of the form 

® = vB, v»l. (8.24) 

We decompose the adjoint representation of G[i] into irreducible representations of G x 
U(1)b 

(adjoint G[i\) = (adjoint G) © ( (R B © R-b) ) (8.25) 

Then: The light matter contained in a canonical G-tube of type (8.3) consists of hyper- 
multiplets of baryon number B = 1, 2, • • • in the representations Rb of the gauge group G. 
In particular, the states of baryon number 1 correspond to a single quark in the representa- 
tion Ri as expected from the 'naive ' physical picture. 

Note that the matter content is always organized in complete representations of the 
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Table 3: The BPS hypermultiplets of the G-canonical algebra of type (io, {2}). 

gauge group G, as it should be. 

In table 3 we write down the hypermultiplet spectra for all pairs (G,Rj) such that 
G[i] is a Dynkin graph. In the last column we have put a check mark, •/, whenever the 
spectrum coincides (up, possibly, to IR decoupled free fields) with the one expected on 
(naive) physical grounds. Comparing with table 2 we see that this happens precisely when 
Ri is a 'nice' representation of G in the sense of ref . [44] . 

This makes sense: if Ri is nice, the theory with one quark in the representation Ri of the 
gauge group G may be geometrically engineered in Type IIB, and hence has a quiver (Q, W) 
by the arguments of [25]. The physical properties of this quiver (Q, W) forces us to identify 
it with the G-canonical quiver of type (io, {2}), see ref. [5]. But there is no reason to expect 
that SYM coupled to a generic representation R will produce a quiver M = 2 theory: in 
general, we expect that we have to 'complete' the theory with additional degrees of freedom 
to get a quiver M = 2 theory. Then, in the non-'nice' cases, the above spectra may be 
thought of as a sort of 'minimal' completion to such a quiver theory. Notice, however, that 
the 'completion' in the last row of the table, marked with a double exclamation mark !! is 
not compatible with asymptotic freedom. 
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8.3.3 Independence from W 

There is a possible objection to the above conclusions which we wish to rule out. In many 
instances, when matching the known physical spectrum of a M = 2 theory with rep(Q, W) 
for some candidate pair (Q, W), one finds all the physical BPS states of the given theory 
but also, in addition, some spurious states with higher charge (i.e. dimension). In such 
cases a common remedy is to add higher order terms to W which have no effect on the 
small dimension representations we wish to keep, but kill the unwanted higher dimensional 
ones. 

May this remedy be used here to fix the hypermultiplet spectrum of naive 'heavy quark' 
quiver Q for the asymptotically-free non-'nice' representations? 

The answer is no. The point is that, for convenient choices of the weakly-coupled 
chamber, the offending stable representations are in fact representations of a Dynkin quiver 
G[i]n, that is, for each pair of opposite arrows in the double quiver V(G[i\) one arrow must 
vanish. In particular, the extra condition stated after eqn.(8.14) is automatically satisfied. 
This means than any cycle in V(G[i}) of length > 2 has at least two arrows which vanish in 
such a representation. Going back to the original canonical quiver Q({ki = 2 5 itio }) we see 
that all cycles longer than those already present in W have necessarily at least two arrows set 
to zero in any such representation. The gradient of all higher order terms then identically 
vanishes on the troublesome brick representations, which are not lifted away. Since the 
spectrum is weak-coupling chamber independent, considering more general chambers will 
not help. 

8.4 Fancier possibilities 

Up to now we have always chosen the special points ( a ^ G P 1 to be pairwise distinct. We 
may wonder what we would get but choosing some of them to be coincident, say 

Soi,ii Sa 2 ,i2 ' ' ' ^a t ,it = SO- 

Clearly the light stable states contained in S£^ will be associated to (special) bricks of the 
preprojective algebra V(G[ii, . . . ,it\), where G[i\, . . . ,i t ] is the unoriented graph obtained 
by attaching t extra nodes to the Dynkin quiver of G, the £-th such new node being attached 
by a single link to the i^-th node of G. If G[ii, ■ ■ ■ ,it] is also a finite-type Dynkin graph we 
are guaranteed that only finite many light hypers are present in the BPS spectrum. Their 
quantum numbers may be obtained following the branching of the adjoint representation of 
G[ii, . . . , it] into representations of the subgroup G x C/(l)*. E.g. for t — 2 and G = SU(N) 
we get (a part for a few exceptional cases for low N) the two matter contents N © N © 1 
for G[i 1 ,i 2 ] = A N+1 , and N © N © N(N - l)/2 for G[i 1 ,i 2 ] = D N+1 , both of which satisfy 



106 



the 'nice' bound b < h(G). 

9 Non— Lagrangian canonical matter? 

The 'Lagrangian' G-canonical algebras of previous section correspond (roughly) to the 
obvious Af = 2 models obtained by coupling colored quarks to SYM [5] with some subtlety 
when the matter is in large representations of the gauge group. Those models are not 
very interesting: The real purpose of classifying M = 2 theories is to find the non-obvious 
models which cannot be obtained by elementary constructions. 

In the limited context of the G-canonical algebras we may ask which ones (if any) of 
the non-'Lagrangian' algebras correspond to meaningful QFTs. For G = SU(2) we know 
the answer: a canonical algebra corresponds to a QFT if and only if its Euler characteristic 
X > 0. For higher rank gauge groups G a similar statement is not known. Certainly the 
G-canonical algebras have many properties typical of the algebra of a quiver M = 2 QFT: 
they enjoy the Ringel property and, as we show in section 10, they are consistent with (the 
necessary part of the) 2d/4d correspondence. 

One may think that a good criterion for a G-canonical algebra to correspond to a 
QFT is that its light spectrum is physically reasonable. However here we find a conceptual 
difficulty If G ^ 577(2) the G-canonical algebras are not complete in the sense of [3], 
meaning that not all its chambers correspond to physically realizable situations. On the 
other hand, the light weak-coupling spectrum of a non-'Lagrangian' G-canonical algebra 
is also chamber-dependent. A non-'Lagrangian' G-canonical algebra may have a spectrum 
which is physically reasonable in some (weak coupling) chambers and not reasonable in 
others. This would not be a problem as long as the chambers with a non-reasonable 
spectrum are not physically realizable: Indeed, all Af — 2 quiver gauge theories with 
G t^ SU(2) k have some non-physical chambers with crazy (formal) BPS spectra! Thus the 
'meaningful spectrum criterion' is useless, unless one knows which chambers are physical. 
The physical chambers are known (at weak coupling) for a Lagrangian theory, where this 
information is not needed, but not in general. 

It is easy to see that a chamber with a sensible spectrum exists for all C(G, {/tj}) with 

j{n 1 ,n 2 ,--- ,n k } j = i . , 

Kj = < (9.1) 

such that the fundamental representation Ri of G is 'nice'. Again, localizing at a special 
point in P 1 , we are reduced to the case Hi = {n}, n > 3. Then, going to the Coxeter-Dynkin 
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Ri 
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SU(5) 
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n = 3,4,5 


SU{6) 


20 


n = 3 


5*7(7) 
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n = 3 


S0{2n) 


2n 


n>3 
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Table 4: Dynkin graphs of the form G[i, {n}} with n > 3. 



version of the quiver 



->0^ 




^*;^ 



•n-l 



(9.2) 



we see that we can construct a weak-coupling central charge Z(-) such that the light stable 
representations are those of the 'Lagrangian' n = 2 subquiver together with n — 2 neutral 
hypermultiplets corresponding to the simple representations S, k , for k = 2,3, ...,n — 1 
(cfr. figure (9.2)). These last hypermultiplets have no G-gauge interaction, but they do not 
decouple in the IR since, in the non-'Lagrangian' case, the matter sector is an interacting 
system in its own right. 

More generally, the light stable representations of the Coxeter-Dynkin quiver would 
consist in finitely many hypers in all weakly-coupled chambers (covered by this quiver) 
under the assumption that the augmented Dynkin graph G[i, {n}], obtained by attaching 
to the node iofGa branch of length n (counting also the branching node), is still an ADE 
Dynkin diagram, see table 4. 

However, this is by no means the end of the story. In the non-Lagrangian case the 
argument that the light stable representations of the Coxeter-Dynkin quiver are equivalent 
to those of the G-canonical quiver breaks down. In fact, it is easy to see that almost all 
the G-canonical algebras of table 4 do have (unphysical?) weak-coupling chambers with 
infinitely many light stable particles. Indeed, a light stable representation X of the G- 
canonical quiver of type Ki = {n}, may be seen as a representation of the quiver obtained 
by 'blowing up' the node • of V(G[i]) into n — 1 nodes ^ a , see figure 8. 
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9l > ^2 > V-i ' 



i'n- 



><?n-l 



Figure 8: "P(G[3]) with the node • blown up in the n — 1 nodes ^ a . 

If X is a brick of the non-homogeneous G-tube, VViVVi-i ■ ■ ■ ipi — 0. Consider, say, the 
class of representations Y of the 'blown-up' quiver with ipk = 0. A brick in this class 
may be seen as a brick Y in the preprojective algebra of the graph G[i, {n, k}} obtained 
by attaching to the node Iq of G two branches of length k — 1 and n — k, respectively. 
(Y is a special brick of V(G[i, {n, k}]) satisfying the extra condition Y^* = for all j). If 
G[i, {n, k}} is not a Dynkin graph for all k — 1, 2, . . . , n, there are necessarily some bricks Y 
with Y^p* = and dimF an imaginary root of the Kac-Moody algebra G[i, {n, k}}. By the 
same argument as in eqn.(8.20) we may cook up a weakly coupled chamber where any such 
brick is stable; if dimF e M and (dimY, dimy)g < all particles in the infinite Regge 
trajectory n dimY would also be stable in the same chamber. 

In conclusion, the only non-Lagrangian case in which we get --in all weakly-coupled 
BPS chambers covered by the G-canonical form of the quiver — a finite matter spectrum 
consisting only of hypermultiplets is G = SU(N), Ri = N and n — 3. This fact, by itself, 
does not guarantee that a corresponding QFT exists, nor the failure of this property would 
make the theory a priori inconsistent, as long as we have no control on which BPS chambers 
may or may not be physically realized (the relevant BPS chambers have weak Yang-Mills 
coupling, but the theory being non-Lagrangian, the model is intrinsically strongly coupled 
in the matter sector). 



10 2d/4d correspondence and the Coxeter element 

The 2d/4d correspondence [25] states that the quiver Q of a four-dimensional M = 2 theory 
is the BPS quiver of a two-dimensional (2, 2) theory [26] with c uv < 2. 

In concrete terms [26], a 2d (2,2) model is encoded in a Picard-Lefshetz mutation- 
class of integral unipotent matrices 38 S G SL(n, Z) such that the 2d quantum monodromy 
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S is called the Stokes matrix, since it is the Stokes matrix of the Riemann-Hilbert problem [26] solving 
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M = (S 1 )*S' has eigenvalues of absolute value 1, or equivalently 39 , 
detjx - (S"" 1 )^] = Y[ ®m(x) km , ®m(x) the ra-th cyclotomic polynomial . (10.1) 

m>l 

In the Kontsevich-Soibelman language [68] S is group element associated to the arc < 
6 < 7r in a stability condition on the Lie algebra sl(n). 

The implications of the restriction to c uv < 2 are less obvious, but, seeing the tt* 
geometry as a variation of mixed Hodge structures and comparing weight nitrations, one 
easily convinces himself that the following condition is true for all c uv < 2 (2, 2) models 

the minimal polynomial of (S 1 )*S' divides (x — l) 3 I J for some leN. 

(10.2) 

Then the 2d/4d correspondence just states that the exchange matrix of the quiver Q of 
the 4d theory is 

B(Q) = S f -S (10.3) 

with S the Stokes matrix of the corresponding 2d one. The correspondence is consistent 
with mutations, since mutations in 2d and 4d agree (i.e. tilting is an isometry of the Euler 
form [50]). 

In the context of the representation theory of a (basic) associative algebra A of finite 
global dimension there is an obvious realization of the above 2d structure: one defines the 
inverse Stokes matrix as 

(S- 1 ) ij =dim(eiAe j ), (10.4) 

where {ej}j e / is a complete set of primitive orthogonal idempotents of A. Then S is the 
matrix of the Euler form on mod A (see appendix A. 2 for details) 

oo 

(dim X)^- (dim y),,- = (X,Y) E = ^(-l) fe dimExt k {X,Y). (10.5) 

fe=0 

With these identifications, the quantum monodromy (S~ l yS is equal to minus the Coxeter 
element $ of the algebra A, and (by Kronecker's theorem) the condition (10.1) just says 
that $ has spectral radius 1. Eqn.(10.2) is then a restriction on the size of the Jordan 
blocks of $: they are at most 2x2, except that the eigenvalue —1 may possibly have a 



the tt* equations [83] of the 2d (2, 2) model. 

39 Traditionally both the cyclotomic polynomials and the Coxeter element are denoted by the symbol $. 
Hoping to avoid confusion, we use the boldface symbol $ for the cyclotomic polynomials, reserving $ for 
the Coxeter element. 
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3x3 Jordan block. An elementary but useful property is 

the number of linear independent —1 eigenvectors of $ = 
(•) = the corank of B(Q) = (10.6) 

= the rank of the flavor symmetry group 

Using the above identifications, the 2d/Ad correspondence [25] becomes a statement 
about the spectral properties of the algebra A: 

Statement. (2d /Ad correspondence) Let (Q, W) be the quiver of a J^d M = 2 gauge 
theory and Aj its Jacobian algebra. Then Aj is the 3-CY completion of an algebra A' 
whose Coxeter element has spectral radius 1 and Jordan blocks of size no more than 3x3, 
blocks of size 3x3 being associated to the eigenvalue —1. For complete M = 2 theories, 
the Jordan blocks are at most 2x2 and a Jordan block of maximal size is associated to the 
eigenvalue +1. 

The last sentence follows from the fact [3] that a complete 4d M = 2 theory corresponds 
to a 2d (2,2) model with c uv < 1. 

Remark. In general, a Jacobian algebra Aj may be seen as a 3-CY completion of some 
basic algebra A' with gl.dim. A' < 2 in more than one way. However, the exchange matrix 
B(Q) = S l — S will not depend on the choice of A' , as it is equal to the exchange matrix 
of the quiver of Aj. The 2d /Ad correspondence just requires the existence of one unipotent 
matrix S such that B(Q) = S l — S and spec.radius((S'~ 1 )'S') = 1, and hence it is satisfied 
if we can find one algebra A' with a Coxeter element with the stated properties. 

10.1 Proof of 2d /Ad for the G— canonical theories 

Now we show that the G-canonical theories satisfy (the necessary part of) the 2d/Ad cor- 
respondence as stated above. This is well known for the S't/(2)-canonical models [85,86]. 
Here we extend the argument to general G. 

Let us consider first the special 'Lagrangian' case of section §. 8. We begin by revisiting 
pure SYM. 

10.1.1 Triangle form of pure SYM 

It is convenient to describe the pure G-SYM in terms of different quivers in the same 
mutation-class as the square-tensor product G, namely in terms of triangle tensor products 
[40] [25]. Let G a quiver whose underlying graph is the Dynkin diagram G, and let Co be 
the corresponding path algebra. Following Keller [40, 84] , we consider the tensor product 
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algebra Ac = CG <g> CA(1, 1), and let Acy = ^I(Ag) be its 3-CY completion with respect 
to the obvious commutation relations 40 

(0 ® e t(v ,)) (e sW ® V) = ( e *«>) ® VO (0 <H> e sW ,)) . (10.7) 

The completed pair (Q, W) so obtained — called the triangle tensor product G M A(l, 1) 
of the two quivers G and A(l, 1) - - is mutation-equivalent to the standard quiver G of 
pure G SYM [40,84] [25]. 

In the following we take G to be the Dynkin quiver with the alternating orientation so 
that the reference node io G G is a sink. E.g. for G = A 4 with i = 2 we focus on the 
following form of the quiver (we use the standard convention that relations are represented 
in the quiver by inverse dashed arrows) 



(10.8) 



A very convenient property of the triangle quiver is the factorization of the Euler forms 
(a ® x, (3 <g) y) c ^ cI{1A) = (a, /3) c ^ • (x, y> cI(11) (10.9) 

As a consequence, one has 41 

SSYM = S G (g) S S U(2) (10.10) 

where Sq is the Stokes matrix for the Argyres-Douglas model of type G = ADE and Ssu(2) 
is the one for SYM with gauge group SU(2). Consequently, the Coxeter element of pure 
SYM is 

$SYM = ~$G ® 3% (10.11) 

where $g, $^ are the usual Coxeter elements of the Lie algebras G and A±, respectively. 
Then 
Corollary. [25] Pure SYM satisfies the 2d/4d correspondence. One has 

(-l) h $5 YM (a ® q) = a ® q + 2hm(g) a® 5, (10.12) 

where h is the Coxeter number of G. The characteristic polynomial of &sym %s Xg{~ x ) 2 



40 Notation: e^ denotes the lazy path (idempotent) at the z-th node; s,t: Q\ — > Qo are the source and 
target maps, respectively. 

41 By abuse of language, we call the Stokes matrix (resp. Coxeter matrix) of the algebra Ag = CG 
Cj4(1, 1) the Stokes matrix (resp. the Coxeter matrix) of pure G SYM. 
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Table 5: Characteristic polynomials Xg{ x ) f° r the ADE Coxeter elements. 

where Xg{ x ) is the characteristic polynomial for a Coxeter element $g e Weyl(G) (see table 
5 for the factorization of xg{%) into cyclotomic polynomials <& m (x)). From eqn.(10.12) 



■l) h * h gy M -l) =0, 



10.13) 



and all Jordan blocks have size 2. Comparing with the Statement on page 111, we see 
that SYM is a complete theory iff h — 2 (of course, this also follows from the classification 
of 



10.1.2 'Lagrangian' canonical models as one— point (co)extension of algebras 

In the framework of the preceding section, coupling to SYM a massive quark in the rep- 
resentation R io just amounts to the 3-CY completion of the one-point extension 42 algebra 
•4g[Mj ] at an indecomposable module M io of Ag having dimension vector equal to the 
imaginary root 5i of the io-th Kronecker subquiver, say, in the example of figure (10.8) 
with i = 2 







Mo: 



i*-. 



■+Cf 



,^ 







if-: 



■+0 



10.14) 







■C 







40 



where the choice of A G P 1 is irrelevant (one gets isomorphic algebras). The quiver of 
«4g[Mj ] is obtained by adding to the quiver G M 1(1, 1) a new node • (corresponding 
to the extra U(l) symmetry given by the baryon number) connected by a solid arrow ip 
to the node 4b io while a dashed arrow r\ [i.e. a relation) connects (} io to •. Dually (and 
equivalently for our purposes) we can consider the one-point coextension in which the two 
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For the benefit of the reader, the one-point (co)extensions are review in appendix A. 3. 
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arrows incident to • flip their dashed/undashed character. The quiver of the Lagrangian 
canonical theory of type (io, {2}) (i.e. Ki = for i ^ i , K io = {2}) corresponds to the 
(completed) Jacobian algebra 



(10.15) 



For the example in figures (10.8) (10.14) this is 




» ^2 < ^3 > ^4 



■^ 



B 



*:-. 



;io.i6) 



Ol ><>2< 03 ><>4 



together with a new term in the superpotential 

AW = Tr[r](A - \B)^}. 
To couple Nf such quarks we just reiterate the procedure Nf times 

Nf times 



10.17) 



^s_ 



U(A G [M i0 ][M i0 }.-.[M k 



10.18) 



choosing distinct points A 6 P 1 . More generally, we may take the Mj's to correspond to 
different nodes of G , provided all of them are sinks; this correspond to a bunch of quarks 
in the corresponding fundamental representations {/?«}. It is elementary that the quiver 
(Q, W) we get is mutation-equivalent to the G-canonical one. 

Remark. We stress that the above algebraic description of the quiver holds assuming 
the node i$ E G is a sink. Indeed, in general, a one-point extension A[X] is extended at 
the module of X of A such that, in the extended algebra X ~ radP(«), where P(«) is 
the projective cover of the simple representation at node •. Were i® not a sink, the above 
quiver and superpotential would correspond to a radP(«) which is more complicated than 
just our M io . 

To settle the 'Lagrangian' case it remains to show 

Proposition. [2d/Ad for Lagrangian J\f = 2 QFT) Let AgIM^} ■ ■ ■ [M is ] be the (uncom- 
pleted) algebra associated to s quarks in the fundamental representations R^, Ri 2 , ..., Ri s 
of the gauge group G. Then its Coxeter element $ has spectral radius 1. In fact the spec- 
trum of $ is equal to that of &sym for the pure SYM case plus s additional —1 eigenvalues 
corresponding to the extra U(l) s flavor charges (compare with property (•) in eqn.(10.6)). 
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Moreover, the Jordan blocks of $ have at most size 2x2. 

Proof. In view of the property (*) and the fact that pure SYM has no flavor charge, 
the proposition is equivalent to the statement that the characteristic polynomial of the 
Coxeter element of ^4g[MjJ • • • [M is ] is 

XG,N f {x) = (x + l) N f Xg(-x) 2 . (10.19) 

Let us proof eqn.(10.19). As reviewed in the appendix, there are formulae to compute 
recursively the Coxeter element of successive one-point (co)extension of algebras [35]. Let 
X be a ^4.[M]-module; we set (dimX). = n, and dimM|_4 = n (where • denotes the 'new' 
node of the quiver of the algebra *4[M]). Then the extended Tits form is 

g(dimX) = (dimX, dimX)^ [M] = n\ + q A (n) - (n,dimM)^. (10.20) 

The Stokes matrix of the one-point extended algebra is 



S 



A[M] 



'10.21} 



S 



A 



-S A dimM 
while the Coxeter element is 

/ q A (dimM)-l -(dimAf)*SU 

$A[M] = — I • (10.22) 

\ — ®a dim M § A 

where $_4 is the Coxeter of A and S A is its Stokes matrix. 

For the sequence of extensions of algebras 

A e = A G [M n ][M t2 ] ■ ■ ■ [M it ], £ = 0, 1,2, ... , k, 

we define the sublattice T e e K^mod-A^) generated by the dimension vectors v such that 
v, t = for all added nodes m t , = 1,2, ... ,£ and v\ A G Tq ® 5 where T^ is the root lattice of 
G and 5 is the minimal imaginary root of A(l, 1). T e is called the 'purely electric sublattice'. 

The proof of eqn.(10.19) is based on the following 

Lemma, (e is a local Nother charge) Let (•, -)% be the Euler form of the recursively 
extended algebra A e = ^.cfMjJfM^] • • • [M ie ], for £ = 0, 1, 2, . . . , k, and assume that the 
modules M ie are as in the Proposition. Then 
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1. (locality) for all £ — 0,1, ... ,k one has 

<v>< 



(10.23) 



2. (monodromy invariance of T e ) for all < £ < k the Coxeter element $^ maps T e 
into r e . 

Proof. Induction on £. A = Ac and the Euler form factorizes, see eqn.(10.9); the fac- 
tor associated to the Kronecker algebra vanishes since the imaginary root 5 G rad <z(-)c.a(i i)' 
so statement 1. is true for £ = 0. But from eqn.(A.18) we have 



(a,P) e =(a,P) t - 



and 1. follows from induction. On the other hand, $_40 
Thus 2. is true for .4°. Eqn.(A.21) implies 



(10.24) 



-$ G ® $^ , while §■? 5 = 5- 



^r e 



-(dimMjJ*^-!^ 



$^-ir. 



cr„ 



10.25) 



by induction. D 

Proof of the proposition. By the Lemma, $ A i dimM ie+1 e T e . Hence 

(dimM i£+1 )*^(A - $^)~ 1 $^ dimM iw = 

oo 

= j- A -(fc+i) (dimM^,^ 1 dimM i£+1 )< = 0, (10.26) 

fc=0 

where we used eqn. (10.23). From eqn.(A.21), we have 

det[A - ® A t+i] = 

= det[A - $ A t] ■ (\ + 1 - (dim M ie+1 YS A i(X - $4*) -1 ® A i dim M ii+1 

= (A + l) det[A-$^] 



and the result follows from induction on 



10.27) 

□ 
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10.1.3 General G canonical algebras 

Next consider the general case in which we insert over each node % G G a canonical subquiver 
Q({pi,i,P2,i, ■ ■ ■ ,Psi,i})- As in the p = 2 case considered in the previous subsection, the 
computation reduces recursively to the case of just one non-trivial integer, that is to Q({p}) 
inserted over a given node i G G. 

We focus on the subquiver over the i-th node of G, which we take in the Coxeter-Dynkin 
form (I = p — 1). Define Qe to be the quiver with relations 



rr> — © — © — < — @ (io-28) 

-> 4* < — 



where • • • stands for the rest of the SYM quiver in the triangle form. The relevant G- 
canonical quiver is then the 3-CY completion of Q p . 

Qi may be obtained inductively by successive one-point extensions. Qn is the one point- 
extension of Qe-i at the projective cover P(£ — 1) of the simple with support on the node 
£ — 1, the case £ = 1 being the 'Lagrangian' extension already studied. Thus we have the 
sequence of algebras 

At = A e -i[P(£ - 1)], Ai = AaWl (10.29) 

We extend £ down to by setting Ao = CG §>> CAi. Let $^ the Coxeter element of At and 

Xe (x) =det[x-$ e ] (10.30) 

its characteristic polynomial. Then 

Proposition. (Proposition 3.4 of [87].) For £ > 2 we have the recursion relation 

Xe(x) = (l + x)xe-i(x) -xxt-2(x). (10.31) 



Then 

Corollary. All G-canonical algebras are consistent with the 2d/4d correspondence. 
In particular, for a G-canonical theory of type {Ki}ieG with Ki = {pi,i,P2,i, ' • • ,Psi,i} the 
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characteristic polynomial of the Coxeter element (of the non-complete algebra) is 

d et[a; - $] = XG (-x) 2 J] ( n ^^1 ] . (10.32) 

i£G \a=l X J 



11 Conclusions: J\f = 2 categorical tinkertoys 

In this paper we have motivated the basic claims of section 2. Given a 4d quiver M = 2 
QFT, for each corner in its parameter space where it looks like a weakly coupled gauge 
theory with gauge group G (there are typically many such corners, related by M = 2 
dualities [31]), the non-perturbative BPS category rep(<5,W) satisfies the Ringel property 
of type G: there is an exact Abelian subcategory ££ C rep(Q, W) whose stable objects 
correspond to the BPS states which have bounded masses as we approach the zero YM 
coupling limit, that is, they correspond to the perturbative spectrum in the given weakly- 
coupled corner. Properly speaking, the statement holds only after replacing each Abelian 
category by the corresponding derived one, since only the derived category is intrinsically 
defined (that is, an invariant under Id Seiberg duality); alternatively, we have to make sure 
that the particular representative (Q, W) of the quiver mutation class we use 'covers' the 
particular corner in parameter space we are scanning, i.e. that BPS particles in that regime 
are in fact stable objects in rep(Q, W). 

Correspondingly, the category D b (rep(Q, W)) should contain all the light subcategories 
D b (Jz?) associated to the several decoupling corners 

V D b (J?)CD b (rep(Q,W)), (11.1) 



decoupling 
corners 



as we have illustrated in the tubular models -- whose most prominent example is SU(2) 
SQCD with N f = A — see §.3.2. 

This structure seems to remain there even if our M = 2 theory is not a quiver theory. 
The 'perturbative' category Jz? still makes perfect sense and may even be constructed 
explicitly for, say, punctureless A\ Gaiotto theories. What is not obvious in that case is 
which category 2T (if any) gives the non-perturbative completion of ££ . The guess is that 
one has just to replace the RHS of eqn.(ll.l) by an appropriate triangulated category & of 
a more general form. 

The light category ££ corresponds to the perturbative theory to which the full theory 
is asymptotic in the given corner. Hence we know quite a good deal about 5£ : the stable 
objects should consists of vectors making one copy of adG together with finitely many 
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hypers. This gives an orthogonal decomposition 

J?=\Jj?x (11.2) 

AgiV 

where N is an algebraic variety with one irreducible P 1 component for each simple factor of 
G = G\ x G 2 x • • • x G s . The category S£\ over the generic point A of the fc-th component 
is a homogeneous Gfc-tube, which is universal for a given simple group G&. Homogeneous 
G-tubes are described by the two Propositions on pages 80 and 83. At a finite number 
of (closed) points A a 6iV the categories 5£\ a are non-homogeneous. However, one has an 
inclusion-reversing correspondence of the form 

\ a E (the fc-th P 1 component of iV) =>- Jt?\ a D (the homogeneous G^-tube.) (11.3) 

A point X a may be contained in several P 1 components; the corresponding category 5£\ a will 
contain all the homogeneous G& -tubes associated to the various irreducible components 
crossing at A Q . Such a non-homogeneous G^ x • • • x G^-tube describes matter charged 
under all gauge group factors G^, ■ ■ • , Gk r - More precisely the matter BPS states are the 
stable objects of the subcategory 

matte^ = add (bricks in ££\ a \ M (homogeneous G^-tube) J. (H-4) 

Note that matte^ may be trivial and yet the light category S£\ a is physically relevant: in 
particular, its still carries a G^ x ■ ■ • x Gk r symmetry. 

A matter category matte^ has a global symmetry which is gaugeable iff it can be 
embedded in an Abelian category Jz?\ a such that eqns.(l 1.3) (11.4) hold (with the usual 
caveat that a proper invariant treatment requires to pass to the derived categories). It is 
easy to see that the states of a G-gaugeable matter category form representations of G. 

The problem which motivated us in the first place, that is, the classification of all 
(quiver) Af = 2 gauge theories, then splits in two steps: i) to classify the G-tubes, and ii) 
to give the rules that govern the appropriate gluing of the various G-tubes over a given 
reducible variety N. 

The simplest examples of non-homogeneous G-tubes is obtained by mimicking in the 
general case what Ringel did for SU(2); one gets in this way the class of canonical G-tubes 
described in some detail in this paper. They are enough to describe SQCD with any iV c , Nf. 

However, the canonical ones do not exhaust the list of G-tubes; neither they are the 
most interesting ones, physically speaking. The other known (at least in principle) class of 
non-homogeneous G-tubes are given by the 'fixtures' [36,37] of the Gaiotto theories [31]. 
Indeed, as described in the main body of the paper, in the Gaiotto case the reducible one- 
dimensional variety N is precisely the maximal degeneration of the Gaiotto curve defining 

119 



the weak coupling limit of interest with the small 3-punctured spheres contracted to points. 

Our philosophy regards to the Gaiotto theories is that fixtures are better understood as 
non-homogeneous light categories ££\ a rather than as M = 2 matter systems. The fact that 
the matter content of a fixture may be trivial, yet the fixture 'carries' non-trivial global 
symmetry [37] is an indication that this is the correct philosophy. 

The A\ fixtures make complete theories [3] and are well understood. Higher rank ones 
are only implicitly known (as categories). Some steps toward their explicit construction 
were done in ref. [5]. 

As to gluing rules for G-tubes, we certainly know that the surgeries induced by geometric 
degenerations of a smooth Gaiotto curve lead to a consistent theory. However, even in the 
A\ case we know that there are finitely many consistent gluings of a more general kind (based 
on P 1 less three points, rather than two) [3]. What are the rules for the non-complete case 
we don't know, even in the canonical case (except for SU(N C ) SQCD with Nf quarks, where 
one can give a purely representation-theoretical reason why the no-Landau-pole criterion 
Nf < 2N C should hold). However, the feeling is that the right rule should be a rather slight 
generalization of the geometric gluing of tinkertoys in the Gaiotto setting. This justify the 
name of categorical tinkertoys for the light subcategories S£\. 

The G-tubes which are not in the above two broad class of examples (if any), and the 
corresponding gluing rules, are at the moment terra incognita. 

There is a lot of work to be done. 
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A Math technicalities 

A.l Krull— Schmidt C— categories: Notations [35] 

A category /C is said to be C-additive provided it has finite direct sums and all the 
sets Hom(X, Y), for X,Y objects of K. are finite-dimensional C-vectorspaces with C act- 
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ing centrally on Hom(X, Y) and such that the compositions Hom(X, Y) x Hom(Y, Z) — > 
Hom(X, Z) are bilinear. The direct sums are written as X\ ©X2, and a non-zero object X 
is said to be indecomposable if X = X\ ©X2 implies X\ = or X2 = 0. An indecomposable 
X with End(X) = C is called a brick. Two objects X, F with Hom(X, Y) = Hom(F, X) = 
are sais to be orthogonal. 

A C-additive category /C will be said to be a Krull-Schmidt category if the endomor- 
phism ring End(X) of any indecomposable object X of /C is a local ring. In a Krull-Schmidt 
category the decomposition of an object into a direct sum of indecomposable objects is 
unique (up to permutation of the summands). Therefore, in a Krull-Schmidt category the 
classification up to isomorphism of objects reduce to the classification of the indecomposable 
ones. 

Given a Krull-Schmidt category /C, a full subcategory C C /C closed under direct sums 
ansd direct summands (and isomorpshims) is called an object class in JC. £ is itself a Krull- 
Schmidt category and it is uniquely determined by the indecomposable objects belonging 
to C Given a set M of objects in /C, add (A/") is the smallest object class containing M: it 
is given by all the direct sums of the direct summands of all objects in N '. 

If Afi,N~2 are two object classes, we write A/i V A/2 for the object class add(A/"i UA2). 

A. 2 Euler forms and Coxeter transformations [35, 50] 

Given a finite-dimensional basic algebra A its Cartan matrix C = Ca is defined as 

C tJ = dimRom(P(t), P(j)), (A.l) 

where P(i), (i — 1, 2, . . . , n) are the projective covers of the (non-isomorphic) simple mod- 
ules S(i). 43 Hence the j-th column of the Cartan matrix is the dimension vector of the 
representation P(j) 

(dim P(j))i = dimHom(P(i),P(j)) = Qj. (A.2) 

On the other hand, using the Nakayama functor z/~, 

(dimQ(i))j = dimHom((5(i), Q(j)) = dimHom(z/~(5(«), v~Q(j)) = 



timHom(P(i),P(j)) = C ij , 



(A.3) 



43 Beware !! If ^4 is the path algebra of a Dynkin quiver, the above Cartan matrix does not coincide 
with the Cartan matrix, Car, in the usual sense of Lie algebras, that is in the Kac sense [47,48]. Rather 

Car = C- 1 + (C- 1 ) 1 . 
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and thus the i-th row of C is the dimension vector of the injective envelope Q(i) of S(i). 

If A has finite global dimension, C is invertible over Z (i.e. a unit of M(n, Z), that is 
detC = ±l). 

We define the Euler bilinear form as 

(x,y)=x t C' t y, (A.4) 

and the Tits quadratic form as 

q(x) = (x,x)e- (A. 5) 

By induction on the projective dimension of A, one shows that when gl.dim A < oo one 
has 

(dim X, dim y)*; = ^(-l) r dimExt r (X, F). (A.6) 

r>0 

In particular, if A = CQ is hereditary 

Cj t l = (S(i),S(j)) E = Sij -dimExt 1 ^),^)) (A.7) 

and g(-) corresponds to the Tits form of the graph underling the quiver Q (i.e. the quadratic 
form associated to the Cartan matrix of the corresponding Lie algebra, cfr. [47, 48] . 

Definition. A a finite-dimensional algebra of finite global dimension. Its Coxeter 
matrix is 

$ = -C7*C _1 . (A.8) 

From the above discussion one see that 

$ dimP(i) = -dimQ(i), Wi. (A.9) 

(dimX,dimF) B = -(dimY,$ dimX) £ = ($ dimX,$ dimF) s . (A. 10) 

We note that a vector t> e rad g if and only if $ f = f . 

If f G radg(-). we set 

t„(-) = (v,-) B . (A.ll) 

One has 

i v (x) = i v ($x). (A.12) 

A. 3 One— point (co)extensions of algebras [35, 88] 
Let A be a C-algebra and X a right A-module. 
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The one-point extension of A by the module X, written A[X], we mean the 2x2 matrix 
algebra 

r A o" 



A[X] 



C X A C 



(A.13) 



with the ordinary addition of matrices, and the multiplication induced from the C — A- 
bimodule structure of X. 

The one-point coextension of A by the module X, written [AT]A, we mean the 2x2 
matrix algebra 

r A o" 



[X]A 



DX C 



(A. 14) 



with the ordinary addition of matrices, and the multiplication induced from the A — C- 
bimodule structure of DX = Home {X, C). 

The quiver of A[X], Qa[x] contains the quiver of the algebra A, Q, as a full convex 44 
subquiver and there is precisely one more node which is a source. The same is true for the 
quiver Q\x]a of [-^1 A except that the extra node is a sink. 

We focus on the one-point extensions (coextensions are dual). We call the 'new' node 
whereas the 'old' nodes of Qa are numbered from 1 to n. Then the new arrows from — l -t i 
{i > 1) as well as the new relations involving the new arrows fa may be determined by the 
identification 

X~radP(0), (A.15) 

where -P(O) is the (indecomposable) projective cover of the simple module S(0) (whose 
underlying vector space is spanned by all paths starting at the new node 0) 



->• radP(O) ->■ P(0) ->■ S(0) -»■ 0. 



(A.16) 



A. 3.1 Euler form and Coxeter element of a one—point extension algebra [35] 

Let Ca be the Cartan matrix of the algebra A. Then the Cartan matrix of the one-point 
extension A[X] is given by 

C A[X] = f 1 ~ — ! (A.17) 

^ dimX C A 

44 A subquiver is convex is for any two points in the subquiver, % and j, it contains all the paths in the 
quiver connecting them. 
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n-i 

A \ x \ 



-C A X dimX 



c-/ 



Car A[x] = C * + C_ 



-i 



A[X] ^ ^A[X] 



-C A l dimX 



Car A 



(A.18) 



(A.19) 



Let M be a A[X] module and (dimM) = n and dimM^ = n (recall that denotes the 
'new' node of the quiver Qa\x])- Then the Tits form is 



g(dimM) = nl + qA{n) — (n, a .ivhX)e,a- 
Finally, the Coxeter element is 



®A[X\ = -Ca[X] C A[X] 



q A (dimX)-l -(dimX)*^ 1 
-$ A dimX $^4 



(A.20) 



(A.21) 



lem Let v G ^a[x] with v = 0. Then 

v G rad qA[x] •"• v G radg^ and (v, dimX) Ej A = 0. 



(A.22) 



A. 4 Canonical algebras [35,45] 

We start with the ^-algebra A+ corresponding to a star-shaped quiver of type (wi,W2 
with the subspace orientation, namely 



,...,w s 



X\ X\ 

Oi > a 2 > 



%2 , %2 



Xs Xs 

v i > v 2 > 



.Tl 



-»a Wl _i 



;r 2 



6i ^&2 > >b W2 ^i \ Ji 



Xs — 1 #s — 1 #s — 1 

Mi > M 2 > > U Ws _ x -\/x s 




(A.23) 



->««;.-! 
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and consider its one-point extension at the module 



M: 



C^^C^^ ^C V 



c -^-> c — ^ ^-». c A 



c^^c 




(A.24) 



where Xi(C) C C 2 are pairwise distinct lines in C 2 , or equivalently, distinct points in P 1 . 

Of course, the algebra A*[M] is precisely the canonical algebra introduced on page ??. 

fact A canonical algebra is equivalent to an affine one of type ADE if and only if the 
star-quiver is a finite Dynkin diagram of type ADE; it is equivalent to an elliptic one iff 
the star-quiver is an affine Dynkin diagram (and hence one type D 4 or E r ). 

As always, we denote by the source we add trough the one-point extension process. 
Then the P(i) of -A*[M] coincide for % ^ with the projective indecomposable of A+ (since 
Qa± is a convex subquiver of Qa^m]), while -P(O) is given by the non-split extension 



-»■ M -»■ P(0) ->■ S(0) -»■ 0. 



(A.25) 



We number the nodes different from and a; by a pair of indices (£, a) where £ = 1, 2, . . . , s 
numbers the branches of the star-quiver (A. 23) and a — 1,2, . . . ,wg — 1 the nodes on the 
£-th branch in the arrow order. 

Then the Cartan matrix of A*[M] is 



C WiW = (dimP(w)) w = l 
Coj,{e,a) = (dim P(£,a)) u : 



a 



(i,a)fi 



where 



9(a,b) 



C(e>,b)(e,a) = o~e,e> 0(a, b) 
a,o = (dimP(0)) w = 2 

Co,o — 1) 

1 a> b 

otherwise. 



Co,c 







(A.26) 

(A.27) 
(A.28) 
(A.29) 



(A.30) 



125 



In other terms, 



C 



1 
v C* 



where C* is the Cartan matrix of A+ and v — (1,1,. ..,1,2)*. Then 



c-« 



-v*(C*) 



-t 



a 



-t 



But (C* 1 )j :) is simply 1 minus the number of arrows from % to j. Then 

1 if i = (£, 1) 

(C^ijVj ~ % = { (2 - s) ifi = u 

otherwise. 



(A.31; 



(A.32) 



(A.33) 



Thus C is just the matrix of the Brenner form 



(x 



y) = ^ x«3/» - ^ x s (i)yt(i) + ^2 x *(r)Vt{r) 

aeQi r 



«eQo 



where the last sum is over a minimal set of relations. 
Let us consider the matrix of the symmetrized form 



Car^C 



-l i r<-t 



cr 



-7 



-r 



Car, 



det(Car) = 2 det(Car* - 7 7*/2) 



(A.34) 



(A.35) 
(A.36) 



B The matter subcategory of |(2, 2, 2 



In this appendix we give the details of the computation of the matter subcategory of the 
light category Jz? over the crossing point of the three P^s for the 577 (2) 3 gauge theory with 
a half-hyper in the (2, 2, 2) representation whose canonical quiver is (4.5). 

The matter subcategory is the object class of the rigid bricks (bricks without self- 
extensions) in Jz?o- Since the full Jacobian algebra is gentle, bricks are, in particular, string 
modules. 

Let X G J2?o be a brick. The fact that JPj(X) G % for all j implies that the vertical 
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arrows in (4.5) are isomorphisms. In turn this implies: 

• vertical and horizontal arrows (either direct or inverse) alternate in C; 

• the first and last arrows are vertical. 

Fix the length 2n + 1 and the starting node of the string C . Given the particular shape 
of the quiver (4.5), the module M(C) is uniquely determined by the map 

ar: {1, 2, . . . ,n} -+ {+1, -1} 

which specifies whether the fc-th horizontal arrow is direct (+1) or inverse (—1). 

Let n + (resp. n_) the number of horizontal arrows H in C with ar(i/) = +1 (resp. 
ar(iJ) = — 1). We claim that X being a light rigid brick implies n + < 1 and n_ < 1. The 
claim is obvious if n_ = (resp. n + = 0). In this case X has the form S^j{X) for some j, 
and we get the claim by comparison with the known rigid bricks of A(3, 1). 

In the general case it is easy to see that ar(a + 1) = ar(a) implies the existence of a 
non-zero nilpotent element in End(X). Hence direct and inverse horizontal arrows should 
alternate in the string C of a brick. Hence a sincere brick in M(C) G =^o,o,o with C starting 
(say) in the node 2, 1 must contains as initial part of the string C one of the following two 



7-2 



H 3 



H 



v-i 



v 2 



1 3 



'5 




1 5 



llf- 



V 3 Vi 



v 2 



lh 



H 



■ * 2 




fB.l^ 



V'3 



?0 



2,1 



?0 



?,3 
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If we continue, say, the first string we would get 



1 2 



ll^dlQ^r- 



^o wt7 



*3 



■ *5 



(B.2) 



?, 4 




Now the matrix 



acting on the two isomorphic two-dimensional spaces is a nilpotent endomorphism of the 
representation, and so the string module is not a brick. If we further continue the string, the 
next horizontal arrow would be inverse, and hence the above transformation on the first two 
vectors of the spaces over the nodes 1, 1 and 2, 1 will remain a non-trivial endomorphism. 
Thus in the first case the length of C is (at most) 5. The same argument applies to the 
second case. The claim n + ,ri- < 1 follows. This result may be equivalently stated as 

An indecomposable representation X e J2? is a brick iff dimX < (1, 1, 1, 1, 1, 1). 

C Stable light strings for J\f = 2* in regime (II) 

We have seen in the main text that, focusing on the regime in eqn.(4.101), the string/band 
C of a stable representation of the gentle algebra SS is -- except for 'boundary' terms at 
the two ends — a sequence of bullet configurations of the form 4k — > • <— 4k, or 4k— )>•— >■ <0 
and its inverse (recall that «'s and 4b/<0's alternate along C, and the arrows are uniquely 
determined up to Z2 automorphism). 

Requiring m(M{C)) = 0, the following strings C are ruled out 



4k-> #< ^4k-> # 



(C.l) 
(C.2) 
(C.3) 

moreover, 4k — > • ^— 4* may be present at most once. Hence the surviving strings have the 
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forms 



(•)(♦•♦)•(♦•<»•••••(♦•<»(•) 

ni times ri2 times 



(•)0 . * . 0) . * . 0) . ••• .(♦•<»•♦•(♦•<»•(♦•<»• ••• . * • 0)(« 

where the initial and final bullets (•) may or may not be present. However, in the regime 
(4.101), the strings of the second kind are unstable if they have a bullet at the ends, since 
M(C) would have a quotient with support the node •. By the same argument, stable string 
of the first kind cannot have a bullet at the end. Then we remain with 

n times 
. ^ . 



(•)(♦•<» •(♦•♦) ••••• (♦•♦) 

ni times 712 times 
-^ . . ^ 



. (4 • 0) • (* • 0) • ••• • (* • 0) •♦•(♦•<»•(♦•<»• ••• • (*•♦) 

Let us call the first string with the initial • present C\{n). One has 

Z(C 1 (n))=n{2Z. + Zt + Z <> ). 

Since C\(p) with p < n defines a subrepresentation, C\(n) may be stable only for n — 0, 1. 
Let us call the first string without the initial bullet 62(71) (n > 1); one has 

argZ(C 2 (n)) = arg[Z* + Z<> + (2 - l/n)Z.] (C.4) 

which, in the regime (4.101), is decreasing with n. Hence for p < n 

argZ(C 2 (p))>argZ(C 2 (n)), (C.5) 

but C 2 (p) is a subrepresentation, and hence this is consistent with stability only if n = 1. 

Let us call the second representation C 3 (ni,n 2 ). Note that C 3 (ni,0) = Ciirii + 1), so 
we may assume n 2 > 1. One has 



arg Z(C 3 (n 1 ,n 2 )) = arg 



z A + z* + 1 { 1 * — ] z. 

n 1 + n 2 + l 



(C.6) 



which is again a decreasing function of ni, n 2 . Since for 1 < p < n 2 we have a subrepresen- 
tation, we get n 2 < 1. By a similar argument, we have n\ < 1 also. 
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Then we have 






d(0) 


• 


(C.7) 


Ci(l) 


• *•♦ 


(C.8) 


C 2 (1)~C 3 (0,0) 


*•<> 


(C.9) 


C 3 (0,1) 


<>•*•♦•<> 


(CIO) 


c 3 (i,i) 


0«4k«0«4*4k*0 


(C.ll) 



C 3 (l, 1) has 6*3(0, 1) as a subrepresentation. Stability of C 3 (l, 1) requires 
3 



arg 



Z* + Z^ + - Z. 



argZ(C 3 (0,l)) < argZ(C 3 (l,l)) = arg 



Z. 



which is false in regime (4.101). 

Finally, the list of stable light string representations are (up to Z 2 automorphism) 



• 4 • or 4 • <>• 

•*•*•<> or *«0«0«* 



(C.12) 
(C.13) 
(C.14) 
(C.15) 



where which of the two strings in each line — having identical dimension vectors — is stable 
depends on the particular weak coupling chamber (belonging to regime (II)), and precisely 
one in each line is stable in each such chamber. 



D Proof of X e J^ YM => X K e T 

D.l The proof 

In this appendix we prove the 

Lemma Lie ^ YM . Then iL e T for all i e G. 

We write A^ B t for the two arrows of the representation X belonging to the i-th Kro- 
necker subquiver. Then the statement is implied by the following one 

Lemma 2. X G rep(Q, W). Assume that for some i G G and some integer £ > 1, there 
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are £ vectors v a G X^, a = 1, 2 ...,£, not all zero, such that 

A iVl = 
AiV 2 = BiVi 
AiV 3 = BiV 2 



(d.i; 



AiVi = BiVe-i 
= Bm 

ThenX ^^ YM . 

The implication 2 =>• 1 is easy to see. Let X G rep(G) be such that rrij(X) = for all 
j G G. If for some i, X\ ^ T, then -X" K should have an indecomposable preinjective 
summand Z G Q of the form 



[0,1] 

Z^- 1 (D.2) 



[1,0] 

where 1 stands for the (£ — 1) x (I — 1) unit matrix. Then as the t> a 's we take the vectors 
of the standard basis of Z^. ~ C , which satisfy (D.I), getting X G" J?f YM . 

An important preliminary remark is the following. The vectors {fi,f2, • • • , vg}, not all 
zero, are not assumed to be linearly independent. However, given {t>i,t>2, • • • , v^}, not al 
zero, satisfying (D.I) we may construct a new set of vectors, {v\,V2, • • • ,ve}, which satisfy 
(D.I) with £ replaced by some smaller £' > 1 and are linearly independent. Indeed, replacing 
{v i, v 2 , ■ • • , vi} by {t> 2 , t>3, • • • , vg}, if necessary, we may assume V\ ^ 0. Then assume that 
{v i, v 2, • • • , v k} are linearly independent, but Vk+\ is a linear combination of the preceeding 
k vectors, 



v k+1 = ^2\ s v s , \ s eC (D.3) 

s=l 



The set 




{fe-i 
Vl, V 2 - Afe Vi, ■ ■ ■ ,V S - ^ Afc- r l» s -r-l, " " " , ^ fc " 
r=0 

(where f s = for s < 0) of linearly independent vectors satisfies (D.I) with £ replaced by 
k > 1. The remaining £-k-l vectors {v k +2-Ylt=o h- r v k -r+i, • • • ,ve~J2r=o h- r ve- r -i} 
also satisfy (D.I), and we may repeat the same procedure recursively. 

The proof of Lemma 2 proceeds by induction on £. 
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If £ — 1, one has 7^ v 1 G ker A, D ker Uj, hence the representation F with Y"^ = Cv\ 
and zero elsewhere is a subrepresentation of X with rriiiY) = 1 > 0, and hence X ^ J?f YM . 

Now assume the Lemma is true up to £ — 1. Let v a G X^ (a = 1, . . . ,£) be a set of 
vectors, not all zero, satisfying eqn.(D.l). By the previous remark, we may assume the 
{v a } to be linearly independent since, otherwise, we may reduce ourselves to the set {v a } 
containing < £ — 1 vectors for with the Lemma holds in virtue of the induction hypothesis. 

We write 

X<>. 3 w a = B iVa = AiV a+1 , a = l,2,...£-l. (D.4) 

If the vectors {wi,w 2 , ■ • ■ , u^-i} are all zero, the representation Y with Y+. = Q) a Cv a and 
zero elsewhere is a subrepresentation of X with rriiiY) = £ > and X (jL J£ YM . Hence we 
may assume the w a y s not to be all zero. 

For all j G G such that CV,- = — 1 consider the square subquiver formed by the corre- 
sponding Kronecker subquivers 



>*♦, 




(D.5) 



Associated to this square we have the relation 



= €j dfr-W = Aj <t>ji Bi - Bj fa At 



(D.6) 



From (D.4) (D.6) we see that the £ — 1 vectors w a satisfy 



A j (p ji w 1 = 
A j (f) ji w 2 = BjfaiWi 
A j (f) ji w 3 = B j ^ ji w 2 



(D.7) 



= Bj</>jiWe-i 



If, for all j G G such that Cji = — 1, the £ — 1 vectors {(fijiWi, (fijiW2 



5 rj« 



■u;£_i} are all 
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zero, then the representation Y with 



Y * = C ^, Y 0, = Span{ Wa | a = 1,2. . . ,k - 1} (Di 



a=l 



1%=^L, l^^L, (D.9) 



is a subrepresentation of X with mj(y) > 1 > and, again, X (jL Jz? YM . 

Otherwise, there is a node j G G with CV,- = — 1 such that the £ — 1 vectors 

^ = <^w a G X*, o = 1,2, • • • ,£ - 1, (D.10) 

are not all zero. Since by (D.7) they satisfy eqn.(D.l) with £ replaced by £ — 1 (and node % 
replaced by node j !), by the induction hypothesis we are done. □ 

D.2 A stronger statement 

Let X G rep(G) be stable at weak coupling. Then one of the following holds 

(a) XL eV VieG (D.ll) 

(b) X\^eT VieG (D.12) 

(c) XL GQ VieG. (D.13) 

Moreover, if in addition m^X) = for all i, then for all subobjects Y one has m,i(Y) < 0, 
that isX G ^ YM . 

Indeed, let Xq be the representation of G with, for all i G G, 

(x e ) Ai 

(Xq)* j (Xq)^ 

equal to the preinjective summand of the restriction X| Kri an d (Xg)^ . equal to the restric- 
tion of X^.. which is well defined since, by the computations of the previous subsection, 

X^,(Xq)^C(Xq)^. CX^.. (D.14) 

Xq is then a subrepresentation of X with 

mi{X Q ) > and m^X/Xg) < (D.15) 

which is compatible with stability at weak coupling if either Xq = or X/Xg = 0. The 
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second case corresponds to possibility (c), while the first one gives X|K ri £ V V T. The 
dual argument, with preinjective components replaced by the preprojective ones gives that 
either X|K ri £ V or X|Kr, eTVQ, completes the proof of the first part. 

Suppose now that X is stable at weak coupling with rrii(X) = and there is a sub- 
representation Y with m io (Y) > for a certain i . Then the subrepresentation Yq ^ 
is a proper non-zero subrepresentation of X with rriiiY) > for all i and m i(J (y) > 
contradicting the stability of X at weak coupling. □ 
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